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1. Introduction.—_-In a recent paper Chandrasekhar and Miinch' have 
obtained a formula connecting the mean rotational velocity (or its higher 
moments) of stars with the mean value (or the higher moments) of a di- 
rectly observable quantity v sin ¢, where i is the inclination of axis of rota- 
tion of the star with the line of sight. The merit of this formula lies in the 
fact that we can compute a true mean value without any knowledge of the 
true distribution of the rotational velocity. Here we shall apply this same 
idea to a different problem in stellar statistics. 

Considering stars in a certain region of the sky, we can observe the 
radial velocity and the two components of tangential velocity ;* we can 
therefore obtain from the observational data the mean square velocity com- 
ponents in three mutually perpendicular directions. The question we shall 
consider is the method by which these means can be converted into mean 
square velocity components in three principal directions of stellar motion, 
for example, along the three principal axes of the velocity ellipsoid.’ 
Before going into the problem just mentioned, we shall first formulate the 
basic idea underlying Chandrasekhar and Miinch’s paper in a more general 
form. 

2. A Statistical Relation.---Let $(y) be the observed distribution with 
respect to a directly observable quantity y, which is a function of two inde- 
pendent physical quantities x and /; thus 


y = g(x, ft). (1) 


Let the probability that ¢ lies between / and ¢ + di be w(t). Then the prob- 


ability distribution, f(x), of the physical quantity x is evidently related to 
¢(y) by an integral equation which can be derived in the following manner: 
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Let yp and y, denote the least and the greatest possible values of y, re 


spectively, Then 
g(x, f constant = a (v% Sas ¥; (2) 
represents a one-parameter family of curves in the (x, /) plane. [f this 


family of curves covers contimuously a certain domain 5S in the (x, ¢) plane 


without overlapping, then the integral equation relating @(y) and f(x) can 


*4 de 
ol ' . j ax (3) 
2 0! 


be verified to be 


jand a being the boundaries of the domain in the (x, y) plane resulting from 
the transformation of the (x, /) plane according to (1); hence both 8 and a 
may be funetions of y. The mapping of the (x, ¢) plane on the (x, y) plane 
by (1) 18 assumed to be one-one and continuous. From (3) we obtain the 


following relation 


y" Soy ely) dy SS ex, Of (x)wlt) dx di (4 
If the ouserved quantity vis a function of more than two variables, 
\ Pix be 
ind if the probability distribution for x, f, f, are f(x), w,(t)), w,(t 
respectively, then 
* % Se vf Pix tay ly Wrils ax dt, dt, (5 
[tis worthy of notice that /(.) may also involve the variables / 
If the variables in g(x, ¢) are separable, 1. 
\ gy (xe 
thet 
/ lx J gs” wt) at (6 
and we obtain the relatior 
fgs"(t)w(t) dt 7 
for gy(a v. Anexample of (7) is the case considered by Chandrasekhar 


ind Munch: thus, for thetr problem 


[ sin f 


Cheretore 
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3. Relations between Mean Square Velocities.—Consider a celestial 
sphere with the observer at the center 0. Let OV represent the direction 
of space velocity of a star at S. Choosing a coordinate system with OX 
pointing in the direction of star streaming and OZ in the direction of min- 
imum mean speed, we measure the spherical coordinates 6, and yg, from the 
OX-axis and the OXZ-plane, respectively. We let the coordinates of S be 
(@;, ¢) and of V, (6s, & Furthermore we denote the are SV by 6 and 
the angle between the planes OSV and OSX by 

If » denotes the space velocity, the components ¢,, % and r of T resolved 
along the radial direction OS, and in the two mutually perpendicular 
directions in the tangential plane are, respectively, 


v cos 0, Us v sin © cos @, { v sin 0 sin @ (S) 


According to the general formula (5), the observed mean square veloc 


ities (i.e., 2%)", %* and vs*) are related to the distribution f(2) by the following 


i kao ae 
op? = / | | ve? cos? 0 sin 0 fie) dvdO dé, 
lw. . ® 
G2 eed Bie 
vy’ sin’ © cos’ @ fit) dv do dé, 
O0 ok at 


equations 


ie ae he 
te. / / [ sin® © sin® @ fiv) dv d@ d@. (11 
[ow FS 5 


If the velocity distribution function /(v) were independent of the direction 


spherical distribution) equations (9-11) lead to the well-known result 


In fact, as is well known, the velocity distribution does depend upon the 
direction. Let m, tu and uw; be the velocity components along the three 
coordinate axes, and /, m and n be the direction cosines of OV then 


[4,7 + mu? + n*uy* (12) 


if we assume that there is no correlation between two different components 
so that u;u Ofort # j. Thisis the only assumption we need to make 
and it is of such a general nature that it will include all cases of practical 
interest. Since 


COS 4s, 1 1 Sin 9 COS ge, (13) 
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equations (9-11) can be rewritten in the forms 


v,° = Aye? + Buu? + Cyrus’, (14) 

r,? Aw? + Bua? + Cums’, (15) 

vs’ Ayu;* + Byuy? + Cou;’, (16) 
where A,, B,, , etc., denote the expressions which can be obtained by 
inserting (12) ia (9-11 Thus, 


inA, = Base x cos’ 6 sin 0 cos' 6, dO dé, etc., 


where the integration is effected over the entire spherical surface. The 


various integrations can be carried out if use is made of the relations 


sin 6, COS g = (cos 0 sin @, sin © cos @, cos @) Cos ¢ 
' ~gin O sin @ sin g (17) 
and 


sin @ sin g@ = (cos 0 sin 6, sin © cos @; cos @) Sin ¢ 


+ sin O sin @cos g; (1S) 


which readily follow from the standard formulas of spherical trigonometry 
In this manner we obtain 


LSA, 1 + 2 cos’ &, 15A, = 1 + 2sin?@,, 15As = | 
LSB, 1 + 2 sin? 6, sin’ ¢;, LSB, lL + 2 cos* 6, sin’ ¢), 

15B, = 1 + 2 cos’ ¢ (19) 
Lac, 1 + 2 sin* @, cos* ¢, 15Cy 1 + 2 cos* 6, cos* ¢, 

1L5C; 1 + 2 sin® ¢ 


Thus equations (14-16) together with (19) determine u,? completely from 
the observed quantities »,’, if we observe only in the immediate neighborhood 
of a definite point in the sky 


It is also of interest to notice that 
+ t2* +1 m 1 /s(uy? + te? + Ug*), (20 


a property independe nt of (#), ¢ 

If furthermore we observe stars uniformly all over the sky (as for ex- 
ample a definite number of stars per unit area), the mean squares of the 
observed data will be averages with respect to 6; and yg, as well as with 
respect to 8 and @ Multiplying equations (14-16) by sin @, dé, dg,/ (4x) 
and integrating over the entire celestial sphere, we finally get 


5 au + buy + Dts ‘ (21) 
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As u,3 2 ug? 2 us", it follows from these equations that p,? 2 »? 2 v7; 
this inequality must be clearly valid since % is always in the direction of 
maximum mean motion. 

Similar results can be obtained for the components of the tangential 
velocity v,' and pr,’ in the direction of minimum mean motion and in a direc- 
tion perpendicular to it. For this purpose we choose the directions of 
minimum mean motion as the X-axis from which 6, and 6 are measured. 
Evidently »,' does not change its meaning but still represents the radial 
velocity. The final results can be written down by a cyclic change of the 
indices. Thus for a definite region of the sky we have 


iz 


= Am;* + Bywu;? , C\ig? (4 = » 2 3) (24) 


>”) 


and the equations similar to (21-23) will be 


150," 5us* + Su? buy’, 


b5y,’? = Tus? + 4? + 41", 
15y,"? Sus? + 6u,* + Gu’. 


Hence in this case we have 


We can, of course, also express our results by choosing the direction of u, 
as the Y-axis; the final equations will be obtained by a further cyclic 
change of indices in u 

It is of course clear that analogous relations between p,*" and 4,” can also 
be derived 


4. Ona Passtble Application of the Formulas of the Previous Seciton. 


If the direction of star streaming and the direction of minimum mean mo 
tion are assumed to be known, we may compute the axes of the velocity 
ellipsoid by means of the relations derived. Among the three components 
of velocity %, v and v, of the stars, the radial velocity v,; is the one which is 
most accurately determined. Therefore in practical applications it will be 
1dvisable to utilize only the observational material on the radial velocities. 
This can be achieved by considering (14) only without using (15, 16) 
Dividing the whole sky into small regions of, say 100 square degrees we 


use for each region the equation 


loving = (1 + 2 cos* O,)u,? - 2 sin* 6, sim® @)t_? + 


2 sin’ 8; cos* @)t3?. (28) 
Equation (28) is simply (14) averaged over the small region. We shall thus 
obtain as many equations as the number of regions into which the whole sky 
has been divided. (In practice we may choose only those regions where the 
number of stars with measured radial velocities exceeds a certain lower 
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limit and discard others for statistical reasons.) A least squares solution of 


these equations will determine the three unknowns u,?, w,4 and 4,7. In form 
ing the normal equations the number of stars in each region should enter as 
the weight factor 

Phis short note was inspired by Professor 8. Chandrasekhar’s stimulating 
colloquium on the paper cited previously; thus I should like to express my 
sincere thanks to him. It is also my pleasure to put on record that equa 
tion (7) was independently noticed by both Dr. A. Brown and D. E. Oster- 
brock. To both of them I am also indebted for some valuable discussions 


Chandrasekhar, S., and Miinch, G., to appear in January, 1950, issue of A stropays 


* Due to the statistical mature of the present problem, it suffices to use the spectro 


opie purallax in order to obtaim the tangential velocity 
Por the terminology used m the present communication see Chandrasekhar, rin 


iples of Stellar Dynamics, University of Chic ago Press, 1942 


RADIAL OSCILLATIONS OF COMPRESSIBLE GAS SPHERES" 


By Zpen&K Kopal 
Massacuvuserrs Insrirure or TRCHNOLOGY AND HARVARD COLLEGE UBSERVATORY 


Communicated by Harlow Shapley, Novernber 25, 104 


Che problem of radial oscillations of compressible gas spheres in hydro 


static equilibrium has so far been solved analytically for four different 
iodel configurations, three of which were discovered by Sterne,’ while 
the fourth one was recently added by Prasad In each case, the re 
spective configuration proved to be capable of oscillating in a discrete set 
1 frequencies dependent on the mean density and the ratio of specific 
heats of the material constituting the configuration The writer has, 
however, recently pomted out’ that the assumptions made by Sterne 
ind Prasad concermmmg the structure of their models were, in each case, 
such as to reduce the differential equations to the hypergeometric form 
the discrete character of the Irequency spectra followed as a conseq uence 
# the fact that the respective hypergeometric senes of umt radius wert 
ound to be divergent and had to be reduced to polynomials in order to 
tnaintain no variation in pressure over the free surface \lthough the 
four mekdels considered by Sterne and Prasad are characterized by out 
wardly very different distribution of density in their interiors, mathe 
natically they all belong to the same type his similarity, in turn, 
prompts us to maguire as to the possible existence of other models, of 
lifferent constitution, whose eigen-amplitudes of radial oscillations may 
ilso be expressible in terms of hypergeometric series, Are the four known 
models the only ones possessing this property, or are there others of this 


clase which have so far escaped discovery 
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The object of this investigation will be to supply an exhaustive answer 
to this question and to provide a complete enumeration of the respective 
configurations. It will be shown that, for finite values of central con- 
densation (i.e., of the ratio of the mass stored at the center to that of the 
whole configuration), no models other than those investigated by Sterne 
and Prasad exist for which the amplitudes of small radial oscillations are 
of the hypergeometric type. If, however, the degree of central condensa- 
tion is allowed to increase without limit, a whole new family of such models 
is found to exist which is characterized by a partly discrete and partly 
continuous spectrum of the frequencies of free oscillation. This latter 
branch of the family represents the first known instance of compressible 
gas spheres, in hydrostatic equilibrium, which can perform small radial 
oscillations in any frequency. 

I. Equations of the Problem.—-As is well known‘ the differential equation 
governing the variation of the amplitude {(x) of small adiabatic radial 
oscillations in the interior of a gas configuration in hydrostatic equilibrium 


can be reduced to the form 


d log P| dt )a n*Ry l log P ‘. ; 


§ dx 1, 7a. dx eg 
where P denotes the pressure, g£, the gravity; m, the Irequency ot the 
oscillation; ¥, the ratio of specific heats; @ 3 1/7); and x r/R, 
r being the distance of any arbitrary point from the center of a spherically 
symmetrical configuration of radius R. Let us assume now that, by 


hypothesis, 


> 


tix) « x Fla, 8, y, ax 


where F denotes the ordinary hypergeometric series and a, 6, c, a, B, ¥ 


ire arbitrary constants. The function on the mght-hand side of (2) 
let us call it y—is known to satisfy the equation 


5 ; D 
apx + q ay arx + § 

T A 

ax aa t/ 


where 








OLR MOLES TR, MD 
oe i ‘ 
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while ¢ is the root of the quadratic equahon 


, q+ijke-s =0 (5 


i 


If there is to be no displacement at the center —-which is one of the boundary 


conditions of our problem-—only positive roots of this equation are of 


physical interest 
The series on the right-hand side of (2) is known to converge absolutely 
llia+ B< y. It will be 


and uniformly for ax” < 1 or, should ax 
An appeal to equations 


divergent if ax’ > 1 or, for ax Lifa+ B # y¥. 
1) discloses that, if ax 1, our series will be divergent if 


. f ' 
(6) 


opposite is true. If, by hypothesis, y 


und will be convergent if the 
therefore, to be identical, the structure 


d equations (1) and (3) are, 


of the oscillating configuration must evidently be such that 


apx + @ } d log P a 
i T > \é)} 
vax | \ ax 
+ 
arx t {a n*R) ad log P 
¥ ’ (S 
Py x 3x ty Vz { ax 
. 
u respectively Equation (7) implies that 
Fi 
: flog P a(p Hx +q+4 
ae} 
2 P “ ‘ (9) 
i Y¥( daa i 


which can be integrated into 
: (10) 


nt. Since the pressure must, by definition, vanish on 


where k msm 4a Constant 
the surface where equation (10) makes it evident that this can be 


, LJ 
| The first of the six arbitrary ,constants occur- 
tion (3) has thus been specified 


t us eliminate the logarithmic derivative of P between (7) and 


S) a Ive the resulting equation for g: we obtain 
vi Cy 1. J) 
: ll 
ix +B 
where we ive abbreviate 
I aif } r| 
B 7 ’ } ? ; s| 12 
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Now, as is well known, 
g = G ‘ a (13) 


where G denotes the constant of gravitation and m(x), the mass of our 
configuration interior to x. Provided that the density is a continuous 


function of x, 


m(x) = ArGR? | px? dx. (14) 
Inserting (11) in (14) and differentiating with respect to x we find that the 
density inside of our configuration should vary as 
« > 2 i t/« t ) . Q i ‘ 
3A Cx” + [(3 — b|)AD + (3 + b)BC)x’ + 3BD uy 
p(x) = Oe Bd WE ~ (15) 
imGR(Ax’ + B)? 
All constants in this equation are so far arbitrary-—-save for the obvious 
requirement that they be such as to render p(x) positive throughout the 
interior. The central density of such a configuration is given by 


3D (6) 
). = . ) 
"  4GRB 
while its mean density becomes 
3 C+D 


; . (17) 
inrGR A+B 
Lastly, let us ensure that the configuration, in which the pressure, 
density, and gravity are governed by equations (10), (11) and (15), can 
be in hydrostatic equilibrium. As is well known, this will be the case 
provided that P, p and g are related by 
dP 1 dP (18) 
= = _ yp. 
dr R dx . 
If we differentiate (10) and insert in (18) together with (11) and (15), the 
equation of hydrostatic equilibrium will take the explicit form 


b\ A bn. C AC 
as (1 i ( t ) x : 4 
iekG B? | ;) p TAA, 4 ‘TT 2p 


3n'*R D i 2B yy l 4 g)/d] (1 + A v) 
B 


(19) 


and must hold good throughout the interior (except, possibly, at the 
center). This latter equation supplies the remaining set of conditions 




















a 
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which the arbitrary constants in equation (3) must fulfill in order to provide 
i physically admissible solution. In what follows we shall, therefore, set 
out to ascertain all possible combinations of the values of 5, p, g, 7 and 
which conform to these conditions 

2, Equilibrium Configurations.--An inspection of equation (19) makes 
it evident that, if all four constants A, B, C, D as well as 6 are to be real 
ind different from zero, this equation cannot be satisfied for any value of 


c; for if all four were non-vanishing, equation (19) would require that 


D/B 1/3)eGkiq + 4) ) 


20 
y > i} { 


be satisfied! simultaneously, and this would render at least one of our 
nstants tnaginary \ closer examination discloses, moreover, that 
the same situation prevails if one of the four constants A, B, C, D is set 
equal to zero-—-except when B 0 and 6 }, in which case Prasad’s 
model follows, It is not until patrs of these constants are permitted to 
inish simultaneously that we obtain all other configurations which are 


onsistent with our initial assumption 


lf A Cc OorA D 0, one of the two remaining constants still 
turns out to be imaginary lf A B 0, the corresponding configuration 
would be one of infinite mass, density and gravitv; if ( D 0, the 
iss of our configuration would be zero Che case of B D 0 leads 
to a homogeneous configuration (Sterne’s ‘Model 1''), while if B i 0 
two different types of configurations are possible When 6 2, a model 
obtained m which the densitv varies continuously as a the central 


lensity ts infimte, but the mass of the whole configuration remains finite 


Sterne's ‘Model 2 If, however, 6 3, the density 1s discontinuous 
it 0 and such that the whole mass of the configuration will be stored 
it the center; the weight of the surrounding envelope being infinitesimal 


the gravity falls off with the inverse square ol the distance from the center 
\ whole fannly of such mocels, characterized by i < 0, 1s found to 


« consistent with the assumption of hydrostatic equilibrium, but only one 


irticular member of it (corresponding to ¢ |) has so far been noticed 

Stermne Model 3 In what follows, all these models will be discussed 
tears 

llomogeneou Vode It, im equations iv the values of our arbi 

iry constants g and s are chosen so as to render B D 0), the density 

the respective configuration as defined by equation ») turns out to be 

tant 1 equal t 
rf r 
bot i rt , } 
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py = PAj = Bb. (22) 


Now the condition D = 0 implies, by (12), that g¢ t and, consequently, 


B 0 unplies that s = 0. Moreover, equation (19) safeguarding the 
existence of hydrostatic equilibrium requires that & = (2/3)"Gp°R?, 


} ) 


) 2 and p = 6. Inserting this latter mm (21) we find ultimately that 


an 
rae (23) 
29 py 
Equations (10), (11) and (15) describing the model under investigation 
become 


mGaRx 

If this model were disturbed slightly from its state of equilibrium in such 

i way that a small purely radial motion results, its amplitude &(x) would be 
of the form (2) where the constants a, 8 and y are obtained from equations 
t) by inserting in them the foregoing values of p, g, rand s; while equation 
5) yields, for g 1, ¢ 0 or —3. A requirement that there be no 
displacement at the center rules out the negative root; hence, ¢ 0. 
The outer boundary condition requiring that there be no variation of 
pressure on the surface can be met only if &(1) ts a fimite quantity Now 
the values of 6, p and g in the present case turned out to be such that 
t+ g », in which case the criterion (6) discloses that the hypergeometric 
series on the right-hand side will diverge for x | If £(1) is to be a finite 
quantity, we must reduce the respective infinite series to a polynomial by 


making @ or 8 equal to zero or some negative integer by setting 


dy 


which, combined with (21), specifies the characteristic frequencies m in 


which our configuration can oscillate freely in the jth mode The corre 


sponding amplitudes of oscillation then take the explicit forms 
26) 


where G,(p, q, A; 1 q, denotes the respective Jacobi poly 


nomial 


The conditions B D 0 are not the only ones which lead to equation 
21) for, as the reader can easily verify, a combimation & O and 6 3 


? 
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will reduce (15) to exactly the same result. We thus obtam another 
homogeneous configuration which is, however, different from the preceding 
one; for the equation (19) of hydrostatic equilbrium now calls for p = 6 
but ¢ 3, in virtue of which the condition B = 0 implies that s &, 
ind 

3n'*R? 

29rGA* 
where 

{YS 

On the other hand, equation (17) defining the mean density of our con 
figuration takes the explicit form 

On? 

inGA 
Eliminating A between (27) and (28) by means of (20) we obtain 

Dn* 


inGyp 


~ 2G RB". 
wf 
A comparison of equations (21) and (29) discloses that 
) 
PX) A, 


9 
o 


while equation (10) assumes the explicit form 


8 l—-<x 
P = — eGp*R* (33) 
Od P 


Both the preceding equations are different from (24) and the reason is not 
too hard to find. Unlike the preceding model, the validity of equation 
21) must be limited to 0 < x < 1, with the center x = 0 being a singular 
point. Our configuration must consist of a central mass-point, of mass 
mo, surrounded by an envelope of constant density and mass m,. The 
ratio of these two masses is already fixed by equation (32); for, by defi 
nition, we have 
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which, combined with (32), yields 
m, = me (35) 


Hence, the homogeneous envelope should contain two-thirds of the total 
mass of our configuration. The total gravity prevailing in our configura- 
tion will eventually be obtained from equation (11), the right-hand side of 
which is to be increased by the term Gat, R*x* arising from the central 
mass; doing so we obtain 
= $9, + . (36) 
3R? | ef 
where my + m, denotes the total mass of our configuration. 

If this model were disturbed slightly from a state of equilibrium in 
such a way that a small purely radial motion results, its amplitude would 
be of the form (2) where the constants a, 8 and y are obtained by inserting 
in equations (4) the foregoing values of p, g, r and s, while the positive root 


of equation (5) ts 
(37 
As in the preceding case, we again have a + § y and the hypergeometne 


series F(a, 8, y, |) again diverges. If £ is to remain finite on the surface, 


therefore, the series must be terminated by the condition 


37 ~ ¢ oO) é 5 . (34s) 


) 


where c is given by the preceding equation (37) and 7 1s zero or a positive 
integer. Equation (38) combined with (30) specifies the characteristic 


frequencies » in which our configuration can freely oscillate in jth mode; 


the corresponding amplitudes take the explicit form 


where G, denotes, as before, the respective Jacobi polynomial 

4. ILleterogeneous Model The foregoing two homogeneous models 
characterized by mt. m 0 and 0.5, respectively, are the only types of 
configurations, consistent with our initial assumption (2), in which p(x) = 
constant for 0 < x < 1. In the remaining cases which yield a closed 
solution, the density will vary throughout the interior and our aim will be 
to choose this wariation so as to make (2) a solution of our fundamental 
equation. ‘Two kinds of such models will be found to exist: one exhibiting 
a finite degree of central condensation, the dther consisting of a central 
point-mnass surrounded by an envelope of infinitesimal weight and certain 


specific structure Chis latter family of models will be found to possess 
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while the characteristic frequencies of oscillation m are defined by the pre- 
ceding equation (44 

In all models analyzed so far, the mass inside our configuration turned out 
to be a continuous and increasing function of x, with all lavers contributing 
significantly to the effective gravity In the final part of our discussion, 
a family of models will be considered in which the overwhelming part of 
the mass of the whole configuration is stored at its center so that, in effect, 
m(x) = m(R) and the gravity inside of such a configuration varies, by 
definition, as 


Cy" R 


R®s 


\ comparison of this result with equation (11) discloses that if (46 
be true, 1t is necessary that B ( 0 p i 3 a(q + 


and 


Under these conditions we again hav r which, combined with the 


preceding equation (47), yields 


\Moreover, 


1 


Consistent with the assumption of the mass of the envelope surrounding 
the poimt-core to be infinitesimal, equation (15) vields indeed p 0 (for 
xr + O In order to ascertain the vartafion of this infinitesimal density 
within the envelope we must, therefore, fall back on the equation (18) of 
hydrostatic equilibrium which asserts that 
lim . 0) 
zt~o 49GR BD 


Equations (49) and (50) render indeed the pressure and density infinitesimal 


everywhere except at the center where they must be, by definition, infinite 


In all preceding equations the value of g has so far been wholly arbitrary 
t . 


Phe only restriction which we shall have to impose upon q will be a require 


nent that the total mass of the envelope be also a quantity of the order of 
P 


k-—1.e., that the mtegral on the right-hand side of (14) be convergent for 


Exphieitly 








Z. KOPAL 


(51 
where B denotes the complete beta-function. The latter is known to be 
convergent if both its arguments are positive; and they will be such if 


> @¢ 2) 


The constants a, § and > of the hypergeometric series in (2) expressing 


the amplitudes of our oscillation problem are again obtained when we 
insert the above values of p, g, 7 and s in equations (4 Equation (5) 
takes now the explicit form 


Its coeflicients make it evident that, as long as g > 1, one 


| ofits two roots 


will be positive and equal t 


+ & q “tT } (5 i 


Phe whole famly of models corresponding to the range of g bounded by 


the inequality x3) can, for the purpose of desc mption, be divided into three 
parts 


constant 


Phe enterron (6) discloses th -g> 1 [which includes the models 


ind (/)! our hypergeometn nies diverges when x | and must, 
therefore, be terminated by putting 


where ¢ is given by is for zero or a positive integer rhe 


cig uuoplitudes of our problem then take the forn 








(56) 


while the eigen-frequencies m are given by the foregoing equation (55) 
if 0 > ¢> —1, equation (50) shows that the density becomes zero when 
v = 1; the reader may note that, of all models discussed so far, this is the 
only one in which the density as well as pressure vanish on the surface of 
our configuration. In the limiting case of q | the density on the 
surface becomes arbitrary; this case was previously discovered by Sterne! 
as his ‘“‘Madel 3’ 

If, however, g becomes less than |, the criterion (6) discloses that the 
hypergeometric series will converge for an arbttrary value of r. The 
right-hand side of equation (2) automatically satisfies, therefore, our 
outer boundary condition requiring the finiteness of E(x) on the surface 
without imposing any restriction on »--which means that the corresponding 
configuration can perform free radial oscillations in any frequency. This 
is the first instance of a ‘‘continuous spectrum’ in the distribution of eigen 
frequencies encountered in connection with any gaseous configuration in 
hydrostatic equilibrium known so far, and the properties of such con 
figurations deserve evidently a close attention. Equation (50) discloses 
that their density p(x), infinite at the center, becomes infinitesimal for 
0< x < 1, but infinite again for x |, thus giving rise to an infinitesimally 
thin surface shell. The mass enclosed in this shell remains, however, a 
quantity of the order of & and does not, therefore, contribute appreciably 
to the effective gravity; our basic assumption which led us to (46) has 
not been violated. As long as —1 > q > -3, the density between the 
center and the surface shell diminishes at first with increasing x until the 
distance has been reached at which 2x* = q¢ + 3. At this point the density 
gradient reverses its sign and the density increases hereafter again until 
the surface is reached, Ultimately, if —3 2 @ > 1, the density gradient 
will be positive for x > 0 throughout the configuration 

5. Concluding Remarks.--Whether or not the physical situation 
analyzed in preceding paragraphs finds an application to actual astro 
nomical bodies is an intriguing object for speculation. Our results may 
possibly have some bearing on the behavior of early-type giant or super 
giant stars, in which the “surface shell” may be constituted by the con 
densing material driven out by the radiation pressure. Several theories 
of the structure of the giants along such lines were advanced in recent 
decades, the latest and most satisfactory one being due to Menzel.* If our 
configurations have anything to do with such stellar models, our results 
would imply that the models are hydrostatically stable under any small 
and spherically symmetrical disturbance, and would respond to it by setting 


up pulsations in an arbitrary period. For such stars, the product PV 3 
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P being the pulsation period) could, therefore, assume any value. More 
ver, if the disturbing foree were periodic, a resonance of the free and 
reed periods would be immediately established and the amplitude of the 
oscillation greatly enhanced. Second-order effects, ygnored in the present 
investigation, would thus probably soon become appreciable and could 
operate to destroy the resonance Should they fail, however, to do so, 
the only way in which a star built up according to our model could escape 
from its predicament would be through a gradual change of its whole 
internal structure which would convert it into another model characterized 
discrete spectrum of eigen-frequencies, or the old model might drift 
mit of the region of continuous frequency spectrum. Barring such an 
pe in time, however, the consequences of any periodic disturbance of 
the configurations built up according to our model might become con 
picuous, or even cataclysmme—-whatever the period of the disturbing 
fore The extent to which any such phenomena may actually occur in 
Nature must, however, be left for future investigations to decide 
* Work completed under Contract N5 or: 417843 with the Office of Naval Research 
M. N., 97, 582 (19 
108, 414 (1948 
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THE SYNTHESIS OF RHODOPSIN FROM RETINENEI 


By Georce WaALb AND Paut K. Brown* 


BrococicaL LABORATORIE e Harvarp Universiry, CAMBRIDGE 
CL omriunicate v¥ A S. Romer, December 4, 1049 
Rhodopsin, the hght-sensitive pigment of rod vision, is bleached in the 


retina by light and is continuously resynthesized by ordinary ‘‘dark 


reactions. Its restoration permits vision to continue in the light, and ts the 
source of visual dark adaptation 

Some seventy years ago Kiuthne observed that rhodopsin is synthesized 
in two ways--a rapid regeneration from yellow products of bleaching, per 
austing im the isolated retina and even to some degre in solution: and a 
nuch slower synthesis from colorless precursors, found ordinarily only in the 
ntact eve, and requiring so Kihne believed the cooperation of sub 


tances from the pigment enithelum These processes have since been 
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identified, respectively, as the synthesis of rhodopsin from retinene, and 
from vitamin A 
Kiihne’s observation that rhodopsin is restored to some extent after 
bleaching in solution was confirmed by Hecht, et a/.,* and Chase and Smith. 
We can conclude from the way these contemporary experiments were per 
formed that regeneration proceeded from the usual end-products of bleach 
ing rhodopsin in solution, retinene, and protein. It was reported to follow 
the course of a first-order reaction, and to be optimal at pH 6.7. The largest 
regeneration recorded was about 15 per cent 
Che bleaching of rhodopsin in solution is a complex process. An initial 
light reaction forms an orange-red product (lumu-rhodopsin) which is trans 
formed by ordinary thermal reactions to a final mixture of retinene, and 
protein Che conditions for the further reduction of retinene, to vitamim 
the presence of retinene reductase and reduced cozymase--are not 
realized in the solutions here considered.* As retinene, forms it is redis 
tributed. In part it remains attached to the groups on rhodopsin-protein on 
which it originates, in part it couples with other groups on this and other 
molecules.* 7 This wandering of retinene,; away from tts original sites of 
ittachment to rhodopsin-protein is an important factor limiting regenera 
tion 
We have indeed good evidence that all stages in the bleaching of rhodop 
to retinene, are reversible but that, the further bleaching has ad 
inced, and the more time has been given for retinene, to leave rhodopsin 
protein, the less regeneration occurs Thus sf the bleaching process 1s 
blocked in its initial stages (lumi-rhodopsin, meta-rhodopsin), as in extreme 
cold or dry gelatin films, regenerations of about 50 per cent are observed ;° 
but after about an hour of illumination at room temperature in solution, 
only a few per cent of rhodopsin is regenerated 
These considerations led us to examine the effect of flooding rhodopsin 
solutions with synthetic retinens he retrnene, was prepared by the 
wraphic oxidation of crystalline vitamin A, on solid manganese 
idded in 2 per cent aqueous digitonin, the detergent used 
to extract rhodopsin from the retina. When rhodopsin is bleached in the 
presence ol a high concentration of retinene regenerations of about 70 per 


cent are regularly observed 


Such an experiment is shown in figure 1. A preparation of cattle rho 


dopsin was divided into three portions. To one a large excess of retinene, 


was added, and this and a second portion were exposed for one minute to in 
tense white light. The extinction at 500 myu—the absorption maximum of 


rhodopsin-- was thereafter measured in darkness. In the solution flooded 


I 
with retinene, the extinction rose rapidly as rhodopsin regenerated; in the 
untreatec ifter a small preliminary rise, the extinction fell due to 


secondary lark i nt f bleaching When all changes were 
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nearly complete, hydroxylamine was added to these solutions and to the 
third portion of the original rhodopsin, to block any further regeneration 


see below Absorption spectra were measured in the dark, then again 


alter bleaching the three solutions in the light. The differences in absorp 
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Regeneration of rhodopsin in the presence of added retinenc 25°C., pH 6.2 
\ highly purified solution of cattle rhodopsin was divided into 3 portions. To 
me, a high concentration (ca. 30 ug. per ml) of synthetic retinene; was added 
oll circles); and this and a second untreated portion (open circles) were 
bleached in white light Both were then left dark for 60 minutes. Measure 
ments at the left show extinctions at 40) mu, the wave-length of maximum ab 
orption of rhodopsin. The solution to which retinene, was added shows a large 
rise in extinction at this wave-length, the other a net fall. Finally hydroxyl 
mine (0.25 Af) was added to these solutions and to the third portion of the 
wiginal rhodopsin, to block further regetieration Absorption spectra were 
» measured in the dark; then all three solutions were bleached, and their ab 
orption spectra remeasured The differences in absorption, at 500 ma on the 


eft, and throughout the spectrum on the right, represent the rhodopsin present 


wiginally (4 A} and regenerated in the untreated solution (FE — F) and in the 
olution to which retinene, had been added (¢ dD 
erated in the untreated solution (/ F) and w the solution to which 
retinene, had been added (C D 


Che retinene, added im such an experiment might act in a number of 
K 


ways. It could tend to reverse the bleaching process in its intermediate 
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stages; or to retard the migration of retinene, away from rhodopsin-protein 
by occupying all other groups in the solution to which retinene, could 
attach. It probably does these things; but it also enters directly into the 
synthesis of new rhodopsin. 

lhis was demonstrated in expermments in which colorless rhodopsin 
protein, free of all native retinene,, was mixed with synthetic retinene, m 
high concentration. This mixture, placed in the dark, yields a large syu 
thesis of rhodopsin 
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Synthesis of rhodopsin from rhodopsin-protein and synthetic retinene 
4 colorless solution of rhodopsin-protein extracted from frog retinas which 
had bleached for 1'/, hours im daylight was mixed with synthetic retinene 
to a final concentration of about 10 gg. per mi Phe measurements at the 


ie ft show the rise in extinction in darkness at 500 my as rhodopsin ts syn 





thesized (25°C., pH 6.3). At A the product was exposed to daylight for 20 
minutes; it bleached to B. The difference in absorption spectrum befor: 
ind after bleaching (A B) is shown at the right it has the maximum 


it about 498 mu characteristic of regenerated rhodopsin 


Such an experiment is shown in figure 2. Fifteen frog retinas (Rana 
pipiens) were isolated in dim red light, then left in white light for 1’ 
hours. At the end of this time they were colorless, the retinene, first formed 
in bleaching having been reduced to vitamin A,. The retinas were homogen 


ized and preextracted thoroughly with neutral phosphate buffer: this ex 
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separated from the remaining retinal tissue by differential centrifugation 
The outer limbs were tanned in 4 per cent alum, leached with water and 
neutral phosphate buffer, lyophilized and extracted twice in the dry state 
with petroleum ether. Finally rhodopsin was extracted with digitonin solu 
tion. Few other substances would have emerged from a procedure so 
narrowly adjusted to the peculiar properties of rhodopsin; and judging from 
its spectrum this was one of the purest solutions of this pigment yet pre 
pared. Yet when mixed with highly purified retinene, it yielded an ex 
emplary regeneration 

We have found that rhodopsin can be kept for many days, or dialyzed ex 
haustively against neutral phosphate buffer, without impairing its capacity 
to regenerate after bleaching. On the other hand we have not succeeded in 
increasing regeneration by adding various substances, among them adeno 
sine triphosphate 

We conclude that in all probability this path for the synthesis of rhodop 
sin involves only the products of its bleaching. Rhodopsin-protein couples 
with retinene,, and from it synthesizes its prosthetic group. This process 
probably involves the condensation of two molecules of retinene,."' If one 
wishes to invoke an enzyme in this reaction, it should probably be rhodop 
sin-protein itself. Yet this vieW would violate a basic tenet of the enzyme 
concept, since rhodopsin-protein is removed stoichiometrically by the 
reaction 

Though these experiments do no more than make very probable that the 
synthesis of rhodopsin requires only retinene, and rhodopsin-protein, 
they make virtually certain that this is a spontaneous —i.e., an exergonic 
reaction. It does not have this appearance, since it is a rather complex 
synthesis. But in fact, it is the bleaching of rhodopsin to retinene, and 
protein that requires energy, usually furnished by light. The reversion of 
retinene, and protein to rhodopsin is an energy-yielding reaction. This fact 
is of fundamental importance to an understanding of the visual cycle 

Phe regeneration of rhodopsin from rhodopsin-protein and retinene, 1s 


inhibited competitively by formaldehyde One per cent formaldehyde 


causes an appreciable inhibition, 2-4 per cent almost complete blocking 


We interpret this effect as a competition between formaldehyde and 
retinene, (vitamin A, aldehyde) for the amino groups on rhodopsin-protein 
with which both aldehydes readily couple. The regeneration of rhodopsin 
is also blocked completely by hydroxylamine (0.15 7), which ‘‘traps 
retinene,, presumably in the form of its oxime 

In every detail so far examined, the rhodopsin system has been closely 
mimicked by the porphyropsin cycle found in the rods of freshwater verte 
brates. It has lately been shown, for example, that retinene reductase 
taken from either svstem reduces either retinene, or retinene, equally well to 


the corresponding vitamin A." 
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Recently several attempts have been made to force the formation of 
porphyropsin in the eyes of rats’? and persons'® by feeding large quantities 
of vitamin A,. These seem to have yielded positive effects, though small 
and still equivocal in meaning 

We have examined the effect of mixing frog rhodopsin-protein with a 
high concentration of synthetic retinene;, This was made from a highly 
purified preparation of vitamin A,'' by chromatographic oxidation on man 
ganese dioxide.'* A synthesis of light-sensitive pigment occurs of about the 
same extent as with retinene,. The difference in absorption spectrum be 
fore and after bleaching this product, however, ts not characteristic of 
rhodopsin, but is displaced about 15 my toward the red, its maximum lying 
at about 512 my (Fig. 3). This brings it about half-way toward the position 
characteristic of porphyropsin. Whether we have to deal here with a mix 
ture of photosensitive pigments, or with a modification of spectrum caused 
by the attachment of the porphyropsin prosthetic group to an abnormal 
protein, 18 still to be determined 

We have stressed in this paper the synthesis of photosensitive pigments 
from the retinenes, since this was accomplished by means employed in the 
retina. It should be noted, however, that we have in fact carried through 
for the first time the synthesis of rhodopsindrom crystalline vitamin A,, and 
the synthesis of a photopigment intermediate between rhodopsin and por 
phyropsin from pure vitamin A,. The first step in each of these syntheses 
the oxidation of the vitamins A to the corresponding retinenes-- was ac 
complished, not as in the retina, but on manganese dioxide 

Yet we have already described an enzyme in the retina which could per 
form this oxidation also--retinene reductase, with cozymase (Coenzyme I, 
DPN) as its coenzyme. A number of comparable enzyme systems are 
known which reduce aldehydes to alcohols. All of them are potentially 
reversible, though always, as in this case also, their equilibria he far over 
toward the side of reduction, the alcohol, To expose their reversibility 1t 1s 
common practice to use an aldehyde-fixing reagent-—dimedone, semicarba 
nde, hydroxylamine, bisulfite-- which by removing the aldehyde promotes 
, continuous displacement of equilibrium in the oxidative direction.'* 

[t is obvious that the reaction described in the present paper, the spon 
taneous synthesis of rhodopsin, should constitute an efficient process for 
thus ‘‘fixing’ retinene,. Coupled with the retinene reductase system, this 
could drive a continuous though slow oxidation of vitamin A, to retinene;, 
by continuously removing retinene, to form rhodopsin. 

Che difficulty with this system as it stands is that the tsolaied retina, 
though it contains retinene reductase, cozymase and rhodopsin-protein, 
forms only minimal amounts of rhodopsin from vitamin A,. Either some 
idditional factor makes this process operate more efficiently in the intact 


eye; or an alternative path exists for oxidizing vitamin A, to retinene, or to 
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rhodopsin. We have recently examined both the oxidation of vitamin A, 
to retinene,, and the synthesis of rhodopsin from vitamin A), in retinal 
homogenates and extracts.'’ These experiments will be described in a sub- 
sequent paper 

Summary.—-Cattle or frog rhodopsin, bleached in solution in the presence 


of high concentrations of synthetic retinene,, regenerate about 70 per cent 


of their original content of rhodopsin when replaced in the dark. Rhodopsin 
is also synthesized de novo when its colorless protein moiety is mixed in solu- 
tion with synthetic retinene,. There is no evidence that other molecules 
participate in this reaction. It is clearly a spontaneous—-1.e., an energy 
vielding — process. It is inhibited competitively by formaldehyde, and also 
with such retinene-trapping reagents as hydroxylamine. When rhodopsin 
protein is mixed in solution with synthetic retinenes, a light-sensitive pig 
ment is formed with its spectrum displaced in the direction of porphyropsin. 

These experiments in fact accomplish the synthesis of rhodopsin from 
crystalline vitamin A,;, and of a comparable light-sensitive pigment from 
highly purified vitamin A». The vitamins A were oxidized to the corre 
sponding retinenes, not by a retinal process, but by chromatographic oxida 
tion on manganese dioxide. Nevertheless the pathways of these syntheses 
mav bear a close relation to those which oceur in the retina 


* This investigation has been supported in part by a grant from the Medical Sciences 


Division of the Office of Naval Research 
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remains reaction (d), the retinal synthesis of rhodopsin from vita 

:. We can identify this with the process which Kthne long ago 

neogenesis, ' describing it as the formation of rhodopsin from color 

less precursors. It occurs appreciably only in the intact eye, and Ktihne be 

lieved that it requires the cooperation of the pigment epithelium. Since he 

failed to see any evidence of orange or yellow mtermediates in the course of 

this process, Kthne concluded that it does not retrace the path by which 

rho lopsin bleaches.’ Indeed no direct evidence of a reversion of vitamin 
{, to retinene, can be found ordinarily in the isolated retina. 

In the present paper, however, it is shown that isolated retinas, retinal 
homogenates and aqueous extracts of the retina can all form a little rhodop 
sin from vitamin A). When retinal homogenates are suitably supplemented 
} 


h rhodopsin as is regenerated in the living 
s 


they synthesize almost hall as mu 
eye during dark adaptation. It is shown also that one mechanism by which 
the retina can perform this synthesis--though perhaps not the only one 
goes over retinen ind so retraces at least in part the path by which 
rhodopsin is! 

In the recent synthesis of rhodopsin from crystalline vitamin A, men 
tioned above, the first step--the oxidation of vitamin A, to retinene, 
vitamin A, aldehyde was carried out, not by a retinal reaction, but by 
chromatographic oxidation on manganese dioxide. Retinene; prepared in 
this way condenses spontaneously with rhodopsin-protein to form rhodop 
in Che success of this procedure suggested that this might be a route for 


the synthesis of rhodopsin fron tamn A, in the retina 


Che retina contaims: potential mechanism for oxidizing vitamin A, to 


tinene, in the retu t is stem nder equilibrium conditions 


transferring two hydrogen atoms to 


HeCH.OH + DP? 


A 


DPN-enzyme system \ ‘ tissues reduce a 
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ibout 355 my m hexane and 363 my in aqueous solution. The extinction of 
retinene, oxime at its. maximum is about 1.4 times that of the free aldehyde 
Dark adapted frog retinas (Rana pipiens) were isolated, and were 
bleached in bright light to colorlessness. In this state all their rhodopsin 
had been converted to vitamin A, and protein. They were then homogen 
ized, suspended in neutral phosphate buffer and incubated at reom tem 
perature. The untreated homogenate, like the intact retina, does not form 
ibservable amounts of retinene,, nor does it do so on adding DPN. In the 
presence of hydroxylamine, however, the untreated homogenate oxidizes an 
appreciable fraction of its vitamin A, to retinene,; and the yield is greatly 
increased on adding cozymase 
These observations are illustrated in table |. A honaogenate of 16 frog 
retinas was divided into 4 equal portions. One was extracted at once with 
hexane (a Phe other portions were incubated for 2 hours, one with hy 


droxvlamine (6), the other with both hydroxylamine and DPN (c), and 


TABLE |} 


Oxtoarion of Vieramin A; To Rerinene, BY A FroG RerinaL HoMOGENATE, INCUBATED 


ox 2 Howkws ar 24°C., wirn ano wrrnour HypRoxXYLAMINE AND DPN 


I homogenate snitially contained vitamin A, alone The table shows the absorp 

maxima (Ame,!of hexane extracts of the homogenate, and the proportions of vita 

in A, and retinene, which they contained The homogenate was suspended in W/15 
hosphate buffer, pH 6.34, and this buffer was also added in the amounts shown 
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were then extracted with hexane. The absorption spectra of these extracts 
were measured \s shown in table |, their absorption maxima (Aga, 
shifted from the mitial position characteristic of vitamin A, (a), about 5 my 
toward the red on incubation with hydroxvlamine (4), and about 13 my 
toward the red on incubation with both this reagent and DPN (c). From 
this shift of spectrum tt could be cotnputed that in (6) the final mixture of 
retinene, and vitamin A, contamed about 2S per cent retinene:, in (¢) about 
iM per cent retinene 


\nother experiment 1s shown in figure 1. Dark adapted retinas were 
' 


leached to colorlessness, homogenized with neutral phosphate buffer and 3 
equal portions of homogenate were incubated at room temperature with 
hydroxylamine and DPN. In (a) the reaction was stopped at once by 
idding methyl alcohol to a concentration of 60 per cent; im (4) it was 


topped after | hour, im iter 2 hours. All three preparations were ex 
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tracted with hexane. The absorption spectra of these extracts are shown in 
Vitamin A, alone was present initially (a4); about 38 per cent 


the figure. 
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had been converted to retinene,; in one hour (6); and about 51 per cent in 


two hours {c) 
(h — 


retinene, 


a, ¢ 
maximum (posi- 
tive differences) and fallen 
in the region of the vitamin 
\, maximum (negative dif 
ferences). 4 

It is evident from these 
data that in the presence of 
an aldehyde-fixative, retinal 
oxidize 


preparations can 


vitamin A; to retinene, 
his process is aided by 
supplementation with DPN, 
the coenzyme of the reti- 
nene reductase system. The 
added DPN apparently re 
plenishes the supply of co 
enzyme present in the retina 
initially, but rapidly de 
stroyed by a nucleotidase 
after homogenization.’ 

The retina normally pos 
specific 


Sesses a process 


which binds retinene,, its 
condensation with rhodop 
sin-protein to form rhodop 
sin.. Like all proper trap- 
ping reactions, there 1s an 
energy-yielding process. It 
is not nearly so efficient as 
the binding of retinene,; by 
hydroxylamine, and = 1s 
therefore nearly completely 
blocked in the presence of 
the ret 
rhodopsin 


this reagent.‘ In 
ina, however, 
protein substitute 


physiologically for hydrox 


may 


vlamine, and may drive a 


rhe differences between the initial and laterf spectra 
~ a) show that the absorption had risen in the region of the 
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FIGURE 1 
to retinene, in a homo 


genate of frog retinas containing 0.1 M hydroxy! 
(a) the reaction 


Oxidation of vitamin A, 


amine and 2mg. DPN per ml. In 
was stopped at once by adding methanol, in (+ 
at 23°C., in (c) after 

Absorption spectra 


after 1 hour of incubation 
pH 6.8 


of hexane extracts of these preparations ure shown 


2 hours incubation 


a, b, ¢ The initial spectrum (a) is that of vita 
min A,; but this is displaced toward the red as the 
reaction proceeds The changes in absorption 

a, ¢ a) show a rise in the region of the 


retinene, maximum (positive differences), a fall in 


the region of the vitamin A, maximum (negative 
differences From these data it is computed that 
3% per cent of the vitamin A, initially present had 
been oxidized to retinene, in 1 hour, 51 per cent in 


2 hours 
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Che hexane extracts show that vitamin A, alone is present, both im the 


original homogenate and in the portions incubated in darkness. The dif 


ference spectra at the left are characteristic of rhodopsin They show that 


the untreated homogenate regenerated about 10 per cent of rhodopsin, 


while the homogenate incubated with DPN yielded almost twice this 


; 


amount, about 


Mexsane 


Rege- erated 
extracts 


rhedepanr 








genate, incubated in 
iwse (DPN, 4 mg. per 
1 extracts of these 

r exposure to light 
ntation with DPN 


wept iets pectra at the 
ind (B) and (C) of 
with digitonin 


nitially and at the 


Che effectiveness of adding DPN in this synthesis suggests that it was 


accomplished through the oxidation of vitamin A; to retinene; by the 
tinene, beng trapped by rhodopsin-protein as 


retinene reductase system, re 
rapidly is formed rhe data show that in the course of this process no free 


retinene, accumulates. Kuhne’s failure to see yellow intermediates during 


the ‘“‘neogenesis”’ of rhodopsm 1s thus confirmed. Yet this 1s no assurance 


that retinene, 18 not an intern la in) the reacts 
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We have already noted Kuhne’s insistence upon the co-operation of the 
pigment epthehum in ‘“neogenesis We find that when a homogenate of 
the pigment layers of the eye--pigment epithelium and choroid—is added 
to a retinal homogenate, the synthesis of rhodopsin from vitamin A, 1s 
approximately doubled. When both DPN and pigment layers are added 
to the retinal homogenate, the vield of rhodopsin is again doubled; it now 
approaches 40 per cent 

Such an experiment is shown m figure 3. Sixteen frog retinas were 180 
lated in the dark, and were bleached to colorlessness in the light for | hour 
They were homogenized in neutral phosphate buffer and the homogenate 
was divided imto 4 equal portions. To one of these, the homogenate of the 
pigment layers from 12 eyes was added together with 4 mg. of DPN (d 
lo two other portions, 2 and 4 mg. of DPN alone were added (), c). The 


FABLE 2 


Per Cent ReGENERATION OF RHODOPSIN IN ReTINAL HOMOGENATES, LNCUBATED IN 
rue Dark For & 9 Hovuks UnpeR Various Conprrions 


All homogenates were suspended mm neutral phosphate buffer, final pH about 6.8. 23 °C 
D he 


in as a fraction of the average extinction at 500 my of rhodopsin from an equal number 


per cent regeneration represents the extinction at 500 mag of the regenerated rhodop 


of dark adapted retina 


PRE CRNT 
RRGCRNERA 
RR PRRIMENT BSCRIPTION THGEN 
l Fig. 2) (a Homegenate alone 10.0 
lomogeniute + DPN 18.3 
ii Fig Homogenate + DPN i7 ¥ 
Homogenate + DPN +4 pig it laye omogenia te } 
if Homogenate + DPN 25.4 
Homogenate + pigment layer homogenate 20) 
Homogenate + pigraent layer homogenate + DPN 42 .{ 


fourth portion (a4) was extracted immediately with hexane; so also was a 


ontrol portion of pigment layers (¢). Homogenates 6, c and d were incu 
hated for S hours in the dark, and were then extracted with digitonin solu 
tion. The difference spectra of these extracts are shown at the left of figure 
} After extraction with digitonin, the solid residues were reextracted with 
hexane; the absorption spectra of these and the control hexane extracts are 


own at the right ont the higrure 


itus clear from figure 4 that the addition of 2 mg. of DPN to a total of 0.7 
f reaction muxture produces a maximal effect on the regeneration of 
rhodopsin Doubling this amount does not improve the vield further 


On the other hand the addition of both DPN and homogenized pig 
ment layers approximately doubles the yield of rhodopsin (d) (cf. table 2 
Che pigment epithelium therefore must add something other than DPN to 


the reacting system 
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Che spectra of carotenoid extracts at the nght of figure 3 show that 
vitamin A, alone is present in the retinal homogenates, vitamin A; and 
xanthophyll in the homogenates containing pigment layers. In no case is 
any retiniene,; apparent, either in the tissues extracted at once or in those 


incubated in darkness 
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Synthesis of rhodopsin from vitamin A, in a retinal homogenate, incubated in 
the dark 8 hours at 23°C., with (6) 2 mg. and (c) 4 mg. DPN added; and with 
d) 4 mg. DPN and pigment layer homogenate added. The data at the left 
show the difference spectra of digitonin extracts of these preparations. They 
are characteristic of rhodopsin, and show that supplementation with 2 mg. DPN 
is as effective as 4 mg. DPN (6, ¢); but that the addition of pigment layer homo 
genate approximately doubles the yield of rhodopsin. The absorption spectra 
it the right are of hexane extracts of the solid residues of these preparations, and 
of control portions of the original retinal homogenate (@) and of the pigment 
layer homogenate (¢ They show that the retinal preparations contain vitamin 
A,, the pigment layer preparations vitamin A, and xanthophyll as their only 
carotenoids at the beginning and end of the reaction. Vitamin A, is responsible 
for the single absorption band in the ultra-violet at about 325 mu, xanthophyll 


for the complex spectrum in the visible region 


rhe yields of rhodopsin obtained in retinal homogenates by all the types 
of treatment described above are sumunarized in table 2. We have, how- 
ever, also observed the synthesis of rhodopsin from vitamin A, in aqueous 


solution. 
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aqueous digitonin extract of bleached frog retinas contains rhodopsin 
If freshly prepared, it also contains cozy 

















mase, though this is destroyed within a few hours by the nucleotidase which 
is present.’ The addition of a high concentration of vitamin A; to such an 
extract might be expected to force the production of some retinene;, and 
from this could induce the synthesis of some rhodopsin 
———_——_—_—_--—- 
Frog~ retinal eatract 
¢vitaminA, 
010 
c Png 
° I Ne 
p 4 . 
* aos a “ae 
c / m 
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eo ae OOo Oo, pa 
#] ~ « t ve. 3 
os vialone as 
a _ _ oe 
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W Wavelength~ my 
" j Rk 4 
f svithess f rhactop from vitamin A; in an 1s 
i extract of frog reti The retinas had been bleached 
a to colorlessne tracted with 2 per cent aqueous digi 
on 
ay min, and to this crystalline vitamin A, in digitonim w 
sided Half of this preparation was incubats I 
dark overnight at 23°C. without further treatment 
the other half with 4 the DPN added per mi. of extract 
The data show the difference spectr # the final 
olution The solution without added DPN had «evr 
thesized a scarcely perceptible amount of rhodopsin; that 
pplemented with DPN had regenerated about 10 per 
nt as mu rho n present origin v in the 
lark lapt ti f which it w prepar 
Such an experiment is shown in figure 4 I'welve dark adapted frog 
retinas were isolated, bleac hed to colorle SSness homogenized and the 
homogenate extracted for 3 hours with digitonm. The extract was cleared 
by centrifuging at high speed, and to it a clear solution of crystalline vita 
\, in digitonin was added. The mixture was divided into halves, and 
t portion 4 mg. of DPN was added Both portions were left mm the 
dark for 12 hours, and then their difference spectra were measured. These 
re wn in the figure Phe solution to which no DPN had been added (a 
regenerated an almost negligibk unt ot rhodopsin, That supplemented 
with DPN had regenerate ' )per cent as much rhodopsin as was 











1oO1 


present originally in the dark adapted retinas from which the solution was 
prepared 

In summary, therefore, we have found that rhodopsin is synthesized from 
vitamin A, in intact retinas and retinal homogenates, with yields of about 
10 per cent. In retinal homogenates supplemented with either DPN or 
pigment layer homogenate, the vields are about 20 per cent; and in homo 
genates supplemented with both DPN and pigment layers they rise to about 
i) per cent \queous extracts of retina, to which DPN and vitamin A, 
have been added, also synthesize rhodopsin with a yield of about 10 per 
cent 

The mechanism of rhodopsin synthesis in these preparations is still un 
certain. We know one possible mechanism, the oxidation of vitamin A, to 
retinene, by the retinene reductase system, coupled with the condensation of 
retinene, with rhodopsin-protein to form rhodopsin. Yet this apparatus, as 
we find it in the isolated retina, appears unable to account for more than a 
small fraction of the rhodopsin formed in the intact eye 

It seems reasonably clear that DPN stimulates the synthesis of rhodopsin 
in our preparations by supplying coenzyme to the retinene reductase sys 


tem. Pigment layer homogenate may act upon the 


same system, by supply 
ing respiratory factors which drive it in the oxidative direction. In this re 
gard it is perhaps significant that nboflavine, the common oxidant of 
DPN-H: in cellular respiration, is present in high concentration in the pig 
ment epithelium, though little 1s found in the retina.’ 


ilmost certain that some rhodopsin is synthesized through 


the intermediate oxidation of vitamin A, to retinene,; by retinene reductase 
It is conceivable that by coupling with respiratory mechanisms, the 


efficiency of the retinene reductase system 1s so greatly increased that it can 


iccount for the whole synthesis of rhodopsin from vitamin A,. On the other 


hand alternative pathways for this process mav exist, and may even be of 


major importan hese problems are being investigated further 


Summary Intact frog retinas and retin scan synthesize 


iS great as are 


rhodopsin from vitamin A; in amount 


rk adaptation tn v1 en either cozymase (DPN) ora 
homogen of the pigment epithehum and 
choroid—-are added to a retit of rhodopsin 1s 
he addition of both DPN and pigment 


laver homovenate, the vield is doubled again nging it t 


approximately doubled; and by 


0 about 10) per 
cent Aqueous extracts of retina, supplemented with DPN and vitamin 
\,, also synthesize rhodopsin with ield of i 


Phe rnaechanism 
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per cent 
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DPN, the coenzyme of the retinene reductase system. Hydroxylamine 
apparently drives the retinene reductase system in the oxidative direction, 
by removing retinene, as fast as it is formed 

In the retina, rhodopsin-protein may act similarly, since it 1s known to 
bind retinene; by condensing with it spontaneously to form rhodopsin. 
rhis is almost surely one mechanism for the synthesis of rhodopsin from 
vitamin A;, Yet the isolated retina, which contains all the components of 
this system, regenerates very little rhodopsin from vitamin A,. Either the 
retinene reductase system operates much more efficiently in the whole eye 
than m the tsolated retina, through the action of such auxiliary factors as 
may be added by the pigment epithelium; or some rhodopsin is synthesized 
from vitamin A, by alternative mechanisms still to be explored 


* This investigation was supported m part by a grant from the Medical Sciences Divi 
ion of the Office of Naval Research 
Wald, G., J. Gen. Phrysial., 19, 351, 783 (1935-1936 
Wald, G., Duretl, J., and St. George, R. C. C., Sctence, in press (1950 
Wald, G., and Hubbard, R., /. Gen. Phystol., 32, 367 (1948-1949 Wald, G., 
Science, 109, 482 (1040 
‘Wald, G., and Brown, P. K., Proc. Natt. Acap. Ser, 36, 84-02 (1980 
* Kiihne, W Chemische Vorgange in der Netzhaut,” in L. Hermann, Handbuch der 
Phystologie, F.C. W. Vogel, Leipzig, 1879, vol. 3, part 1, p. 317 
* Negelein, E., and Wulff, H.-]., Biochem. Z., 293, 351 (1937 Lutwak-Mann, C 
Hiachem. J., 32, 1364 (1938 
von Euler, H., and Adler, F irk. Kemi, Mineral., Geo’, 11B, No. 21 (1933 Z 
physiol. Chem, 228, 1 (1934 Wald, G., J. Gen. Physiol., 19, 781 (1935-1936 
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ANTIBIOTIC SUBSTANCES FROM BASIDIOMYCETES. V1. 
AGROCYBE DURA* 


Ky Freperick KAVANAGH, ANNETTE HERVEY AND WILLIAM J, ROBBINS 


DePARTMENT OF Botany, Cotumara University, AND THe New York BorTranical 
(;ARDEN 


Communicated December 19, 1949 


In a previous report’ from this laboratory, Agrocybe dura (L386.10)* 
was found to evidence considerable activity against Staphylococcus aureus 
H) and Escherichia coli when tested by the streak of disk methods. Cul- 
ture liquids of this fungus were found to have some activity. Further 
investigation has resulted in additional information on the antibiotic prop 
erties of Agrocybe dura 

Antitnotie Material tn Liquid Culture. -Culture liquids with antibacterial 
activity were produced by growing the fungus at 25°C. in 2800 ml. Fern 
bach flasks contaimimg a corn steep medium, as previously described.* 


oe 
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The fungus grew with medium rapidity; it required from 6 to 8 weeks to 
produce culture liquids of from 256 to 512 dilution units per ml. against 
Staph. aureus. When the active culture liquid was decanted and replaced 
with a liter of fresh corn steep medium, an activity of 256 dilution units 
per ml. against Staph. aureus developed in about two weeks. 

A sample of culture liquid was Seitz filtered at its natural pH of 4.6, 
at pH 3.0, and at pH 7.0. More than three-fourths of the activity was 
removed by the filtration at pH 3.0; about one-half at pH 4.6; and none 
at pH 7.0. Adjusting to pH 3.0 and then neutralizing did not destroy the 
active substance. The filtered solutions of pH 4.6 and pH 7.0 were placed 
at 11°C. for 26 days with assay at frequent intervals. Neither solution 
lost activity. 

Concentration of Actwe Material._-Preliminary experiments showed that 
culture liquid dried in the air lost about one-half of its activity. Because 
of this observation, which was confirmed by later experiments, care was 
used to avoid drying at any stage in the concentration of the active material. 


Aqueous concentrates of antibacterial material were prepared by ex 
tracting the culture liquid with methyl-iso-butyl ketone. The solvent 
was evaporated to small volume i vacuo. The residue im the still was 


dissolved in alcohol which was diluted with water or the residue was dis- 
solved in ether which was then washed with bicarbonate solution as de- 
scribed later and evaporated over a layer of water. Such concentrates had 
an activity of 1,000,000 or more dilution units per mg. against Staph. 
aureus. 

Isolation of Crystalline Material.—-A crystalline antibiotic substance was 
isolated from the culture liquid. The procedure for one lot was as follows 
A volume of 10.5 liters of culture liquid with an activity of 128 dilution 
units per ml. against Staph. aureus was extracted twice with 750 mi. of 
methyl-iso-butyl-ketone; the ketone was evaporated to very small 
volume tn vacuo; and ether added, The ether solution was extracted with 
2% sodium bicarbonate solution to remove acids and part of the colored 
substances. Brown colored crystals were obtained upon evaporation of the 
ether at room temperature. These crystals were purified by recrystalliza- 
tion from 20°) alcohol or from ether. 

Characteristics of Crystalline Material.—-The white crystals obtained were 
stable in air for about one day after which they turned black and became 
insoluble in ether. The crystals did not change in color when kept at 
4°C. in vacuo. On attempting a melting point in air, the crystals turned 
black and then exploded at a temperature of about 145°. In a capillary 
in vacuo, the crystals decomposed at about 90° and evolved gas at 140°C. 
An analysis‘ indicated 65.58% C and 4.31% H. We propose to name this 
substance agrocybin. 

Agrocybin was soluble in alcohol, acetone, ether, chloroform, methyl- 
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utyl-ketone, slightly soluble in water and insoluble in hexane Phe 
il rotation of agrocybin im alcohol was zero for the sodium ID line 
ultra-violet absorption spectrum of agrocybin in alcohol bad peaks 
6 $, De Mi, 304 and 325 my rhe curve obtained in pH 6.0 
hate buffer was nearly the same as that obtamed in alcoholic solution 
curve, figure resetnbled greatly that of nemotin A Phere wer 
ent differences, however, to indicate that the two substances were not 
rocybin wa ctivated by heating to 100° at pH 8.5 and hivher but 
it pH 6.5 It was not inactivated im one hour at 25° and pH betweer 
0 and tL.0 It f not 
, listill with steam rocy 
- bin was not extracted from 
ef ether by aqueous solution of 
+ pH Ss ind probably is a 
\ / | | neutral or a very weakly 
icidic substances 
P lewidence for H-xistence of 
1 pro: , ? in Inactive 
4 \ Forn Part of the activity 
; of a culture liquid was in ar 
{ " \ \\ mactive ketone-insoluble 
' \ {\ I | form which was made active 
LA \ | | ind ketone-soluble by boil 
Jf \ Se ae 
\. \V/ VU \ ng the solutior In this 
Rare ade | i ioe | ee 1 toa donattied respect Une behav rot the 
, culture liquid of Agrocybe 
Wave tw y, 
. d W SI! ilar te that 
| of ‘ i] \ yu re ously for th 
r l density is given for solutions culture liquid of Polyporu 
. tt I i | refer forn \ concentrate ot 
f m gram | milliliter the tive sul nee free i 
l ' the culture lutio dia 
Iturre lution heated iter the ree substance had _ bec m oved ha 
ere tibactertal tal cent act itn Its robable that 
tibactenal substance formed by heatn he culture liquid was the 
that which oecurre ree the | Mi. 2 © the tibacter titer 
ulture hie | wis urbole heat ere a cre t nm iS | uch of 
erin ut ce this free ter there vas tree 
, , 1? ne 1 he tibactertal and ants 
a mares : eS ; ; the methods in use it 
] with the r { t rt Clow Phe activity 1s expresse 
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Agrocybin belongs in the group of substances inhibitory for gram-posi 


tive, gram-negative and acid-fast bacteria The antibacterial activities 
resemble those of biformin except that agroevbin is much more active than 
biformin against B. mycotdes and P. aeruginosa Although there may be a 
close chernical relation between agrocvbin and nemotin A, as indicated by 
sitnilar ultra-violet spectra, agrocybin is much more active against the 


grain-negative bacteria than is nemotin A 





i higher than that of any 


Che antiluminescent activity of agrocybin 1s mur 
other substance tested and is about 60 times as great as the best preparation 


; 


of biformin,’ the second most active substance investigated 





intifungal Activity The activity of two concentrates prepared from 
the culture liquid was measured against nine fungi by serial dilution’ 
ind by an agar disk method Che fungi were Aspergillus niger, Chaeto 
minum globosum (USDA 1042.4), Gliomastix convoluta (PQMD4c}), Mem 
nontella é ha ‘id POMD I A \/ vrothecium errucariwa I SDA 1334 2 
Penicillin notatum (832), Phycomvces Blakesleeanus ( + strain), Stemphylaum 
consortiaie (PQM D4 Ib) and Trichophyton mentagrophyte 

When measured by the serial dilution method, the concentrates were 
ibout one-eighth to one-fourth as active against the fungi as against 
Stat tureus except for P. Blakesleeanus and G. convoluta which were 32 


ind 12S times respectively is resistant as Sfapar. aurenu 
Activity in the Presence of Blood.--Agrocybin and the antibacterial 


material in the culture liquid and in concentrates were inactivated to a 


considerable degree by rabbit and by human blood. The activity of 
agrocybin against Sfapsé. aureus was reduced to by incubation for 3 
hours in a beef extract medium containing 5°), whole human blood \ 


ketone concentrate was not reduced in activity by incubation with 5% 
human plasma and lost onlv one-half of its activity when incubated with 


~¢ 


> washed or hemolyvzed human red cells 
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Amtmal T oxtctty.-A solution of 1 mg. per ml. of agrocybin was prepared 
in 0.7°) sodium chloride solution and quantities ranging from 0.1 ml. to 
ml. were injected into a tail vein of 16-18 g. Carworth Farms CFI male 
white mice The larger the dose, the sooner the mice died. The animals 
receiving | mg. of agrocybin died within | hour, those receiving 0.1 mg. died 
in about 1S hours. The LD was less than 6 mg. per kg. body weight of 
white mice. Agrocybin caused a dermatitis in a human subject susceptible 
to bioformin 
Because of its high toxicity and inactivation by blood, experiments on 
possible therapeutic action were not attempted 
* This investigation was supported in part by grants from The Commonwealth Fund 
aml The Lillia Babbitt Hyde Foundation 
Hervey, A. H., Bull. Torrey Bot. Club, 74, 476-508 (1947 
We are indebted to Dr. José Emilio Santos Pinto Lopes, Instituto Botanico, Lisbon, 
Portugal, for the culture of Ayrocybe dura 
* Robbins, W. |., Kavanagh, F., and Hervey, A., these Procrepines, 33, 171-176 
147 
‘ Analysis by Mr. Joseph F. Alicine 
* Kavanagh, F., Hervey, A., and Robbins, W. J., these Proceepinas, in press 


* Some evidence indicated that boiling not only transformed inactive into active ma 


terial but destroyed part of the active material. The antibacterial titer of a boiled 
culture liquid was the net of these two opposite effects 

Robbins, W. J., Kavanagh, |! ind Hervey, A., these ProcegpinGs, 33, 176-182 
1h 


* Kavanagh, F., Bull. Torrey Bot. Club, 74, 303-320, 414-425 (1947 
Anchel, M., Hervey, A., Kavanagh, F., Polatnick, J., and Robbins, W. J., these 
PROCREDINGS, 34, 408-502 (1048 


QUANTITATIVE EFFECTS OF PROTEIN ENRICHMENT OF 
DIET UPON GROWTH AND EARLY ADULT LIFE* 


By Henry C. SHERMAN, CONSTANCE S. PEARSON AND Mary E. Bat 
DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERSITY 
Communicated December 10, 1949 


Previous publications have shown that with experimental animals 
(rats) eating ad lidatum of a basal diet, adequate for their normal nutrition 
but of relatively low calcium content (0.18 to 0.2 per cent of the air-dry 
fol mixture) the weight of the body may grow more rapidly than does the 
weight of calcium which the body contains. In such cases, notwith 
standing continuously positive calcium balances, there may develop a low 
calerum condition of body, shown by a dip in the curve which represents 
the percentage of calc1um in the growing body 


Moreover, among subjects of the same age and sex, living on the same 
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wt, those showimg more rapid growth in weight as an mdividual chara 
teristic tend to show the temporary low-calcium condition of body in 


‘ 


nore pronounced degree 


Stull further, it is found that when growth ts accentuated by adding 
rotein- alone or as meat-~-to the already adequate basal diet, this tends 


low-caleium condition with symptoms suggestive 


f those of caletum deficrency While in the majority of such cases there 
pontaneous recovery, some of the fernales which had been thus stiamu 
ted to rapid growth and early puberty then broke down in reproduction 


Che experimentation has therefore been continued so that our total 


. finichinig iy be given a more quantitative character, the reporting of 
his the purpose of the present paper 
Of 40 young female rut on the basal diet (Laboratory Diet No. 16, 
r Thet A Sor 7.5 per cent died between the ages of 1 month (‘end of 
ifare ul | year (early adulthood while of 40 of the same age, Sex, 
heredity md nutritional background, but receru 1 SUf plement of lean 
eat in addition to the basal chet, 7 or 17.5 per cent cred during the same 
we perpd I he protem supy lement im these cases was 5 (or in one series, 
‘ gral of lean meat on each of six days eas h week rhis increased the 
protem of the diet from about er cent to about M per cent of the dry 
itter of the food 
{ /itl? € ¢ risov e) he Pert 
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’ hich have proved noteworthy eriteria in the 
udgment of biochemical well-being and nutritional performance are shown 
und 
table how a marked increase of gain in body 
of wheat and milk ts supplemented with meat 
leseribed above The difference with females was 8 ind with males 
1 time its Probable Error hese Critical Ratios are very clearly 
ft Th is strong] nfirmed by the correspond ¢ data in table 
which ime the leat f all available cases of experiment il animals 
the protei upplement | chet Laborator Diet i P ind of all the 
t losel related | f lwat hitter-mate controls I Diet Here 
trie reased rowth due t t] ition of meat t the basal wheat and 
} et Lhet { Wii t r it Probable Error with fe ile ind 
; times with mak Ver lear the findings ot the two series oft 
expernments show that the flerence in diet resulted in a difference im 
rowth which was undoubted! tatistically nificant 
The protein supplement wl t increased the rate of growth appear 
to have stimulate earher development of puberty as shown by 
: rhe reproduction whe t! eX vfrew up together The observed 
rerice 10 times its Pr ble Error in the series of 10 females with 
, AT ; : 











in 


mental fernales and 26 controls, all closely related though not all litter- 
nate controls. Consistently with the usual interpretation in this field of 
research, we judge these differences to be statistically significant 

The numbers borne, and also the numbers reared, per female, were 
esseritially the same on each of the two diets here compared The average 
weight of offspring at the age of 28 days (convention illy considered the end 
i infanev in the rat) was distinctly higher in the families receiving the 
supplementary eat rat Che latte however, seems to have had no 
learls ift t influer n ti duration ¢ reproductive life as 
reasured the ft les or u t lengths of life in the animals repre 
sented im table Some of the additional anim neluded in the data of 

re stull living 
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with their greater gains urlv yrowth, the rats fed supple 


showed clistim tly her be dy we whts it 100 days of age, 
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ces were it | + Ut 
{ higher age erage lengths of life of larger numbers, 
ceo bined supplementati the diet with protein and 
ert tu lied é per ‘ t Still wm pre res 
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; \ theor pre ure tribution on curved profiles 
31 { it super ic speed was presented in a previous 
Py ' | pressures were calculated, to first approx 
circular rot yASE’ this theor The formal basis 
| the re entation pressure as @ function p(w, 5), 
thie linatior t re line ind S the entropy ol the 
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sure required the integration of a more or less complicated differential 
equation of the first order and that this integration could best be performed 
by use of a high-speed computing machine which was not immediately 
available to us 

The discussion of the following note’ is based on the possibility of ex- 
pansion of the function p(w, 5S) about pots of the shock line assumed to 
originate at the vertex of the profile. Thus we consider the series 

So) 4 Pee 8) 6g 2s G0) ge ee 5 S24 
os y ee: Sy 

in which @ 1s the inclination of the stream line at a point immediately behind 
the shock line and Se denotes the entropy at this pot. Taking the ar 
intrary constant in the definition of the entropy function to be such that S = 
0) for points on the profile, and denoting by p = @(w) the pressure distribu 
tion over the profile, the above equation gives 


Opiw, Ne) 10’ p(w, Se) 
Pia, Se f ~ aa ‘- = 9" 
os 29 9S? 


Permination of this series after its first term gives the relation @(w) = p(w, 
S+) used for the first approximation of pressure on the profile. Including 


the second term we have the relation 


Op| w, Se 
os 


O(w) = piw, Se 


Under the assumption that the flow ts uniform in front of the shock line, 
the quantity S, is an explicit function of w alone. In $3 it will be shown 
that the derivative Op(w, S,) OS is likewise given explicitly as a function of 
w in view of the fact that the curvature A of the stream lines, which 1s 
naturally introduced by the process of differentiation, cancels from the 
several terms which make up the expression for this derivative. Hence it 
s feasible to determine the pressure along the profile from (1) by means of 
an ordinary computing machine 

2. Résumé of Formulas for First Approximation of Pressure.-By the 
first approximation formula the pressure at any point of the profile, at 
which the inclination is w, is given by the function which expresses the 
pressure i terms of the melination w of the stream lines unmediately behind 
the shock lun Denoting by ~; the constant pressure of the uniform flow in 


front of the shock line we have 


where \/ is the Mach Number of the uniform flow and 4 1.405 for air; 
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also @ is the inclination of the shock line and is related to the inclination w 


of the stream lines by the formula 


2(A7 l)tan* a — | oa 


{.5) 


[(4 1)M? + 2] tan? a + [(y + I) M* + 2] tan a 


Formulas (2) and (3) permit the determination of the first approximation 
While the quantity S, does not enter into this approximation, 


of pressure. 
Ie, log A(w) where 


we note that it is given by S¢(@) 


\p Pi) 
Alw 


(Af* sin 


Sill” a 


pr Vf? sin’ 


ining, p; is the density in the uniform flow, 


Here / and ¢, have the usual me: 
density at points immediately behind the 


while p and p are pressure and 
shock line. Also p, and p, in (4) stand for pressure and density behind the 
shock line and at the vertex | of the profile; these quantities are therefore 
determined by (5) in which a is the inclination of the shock line at V. 

3. Derivation of the Formulas for the Derivatives of the Function p(w, S) 
Along the Shock Line-—To determine the derivative 0p/0S in (1) we first 


consider the relations’ 
O;/ ap : ap da 
Ow da 
dp dx" ‘ om 
f niece (7) 


/y 


= Pp, 
do ss da 


at points immediately behind the shock line, where o denotes are length 
But from the definition of the ¢ it readily follows 
ti, dx*/da | /v, where v is the magnitude of the 
7 


ilong the stream lines. 
that {1 dx"/do 0 and 


velocity Hence from (7) we have 


pBak 
G (M, a : 











ba sa 
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w hiere e put A ix, A (ox with « the curvature of the shock 
a9 
B Dott 
‘ ti 
n which B, bit, y¥ + 1: here u, cenotes the tangential component and 
the normal component of velocity behind the shock lin Hence 
K r ' 7 
i | 
‘ 
if , ms ied 3 
; ind making this substitution in (S) we ha 
f ] 
i ; 
IK” | i } 
i . | 
| ( 
\ 
hooray tive aw Line Finally tr 4) thé ii wef (] 
) | 
i v 
Ou ee (76 J 
| ; } } 1; +} } } t; log } \, 

4 it u yaerve if i) ‘ eriva eV ) il vy the shock 
4 ‘ independent of the curvature f the stream lin r shock line a 
t ’ t depends only on the mehlnation the shock line for given uniform 
z " ent {] w 

Che formula for the derivative 0 Sin is now obtamed by combinin 
with the following relat 
) oO; 
{ P 1; 
i ) > 
the riable Mach Number for flow behu 
t} «k line, and A 1s a cert rantitvy which is constant along stream 
| t 1 t ite] behit 1 the shock linn 1 iven by 
i 
‘ ‘ i AN 
f pipPrty 
‘ } PF tanads tor the d rence in the ce tr the tw 
‘7 hie lirte | ' +} rbystitut t ir ‘ 
itt 
| 
( 








Equation (14) gives the required formula for the derivative 0p/0S along 
the shock line As mentioned before it is now seen that this derivative 


depends only on the inclination w of the stream lines (or in consequence of 
+} 


on the inclination a of the shock line Using the relation 


pi / COS ’ 
which is easily derived, it follows that can be given the form 
| ‘ ! 
i hom = , 
where, 
pp) costa ft in a at 
] - . 
a 4 4 >| 
m2 cc . 


Phe left member of (15) is the ratio of the pressure #(w) along the profile to 
the pressure ~,; of the incident flow Phe ratios p/p; and p/p, are given by 
) lo evaluate log A we have the equation (4) and G» can be evaluated 


from the exphert formula for this quantity Finally the Mach Number m 


is given by 


‘ ‘ { 
"trast in , 
in which the ratio u;/c has been calculated previously (see, ‘Calculation of 
the Curvatures of Attached Shock Waves,’ /oe. cit., ret. 3 Using these 
formulas in conjunction with the relatiot }), 1t a8 possible to find, by 
means of (15), the pressure ratio @ it any pomt of the curved profile 
1 Calculations and Conclusior Che following table shows the values 


the quantity 1000/ log ‘A at the indicated ©, chords and for the indicated 


les of attack a in the case of the flow past the circular are profile con- 


sidered in Our previous communicatior In carryvin? out these calculations 

, en as the independent variable and computations were made for 
vhole and intermediate angular uues of this variable over the required 
range It was found in general that the caleulated numerical values of J 
nereased with @ but that deviations from this behavior oecurred over a 
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restricted range corresponding tc a range of values of w about w = 0. Since 
it appe ired that these trrecularities were due to the limitation in the 
wecuracy of the trigonometric tables used and since the deviations in ques- 
tion were small, it was decided to replace the calculated values of / in this oa 


ran 


re by values obtained on the assumption that / could be considered to 
vary linearly with a over this range The values of 1000/ log A at the 


“rious ©). chords in the table were then obtained from calculated values of 


this quaritaty by interpolation 

Ch. « k . { ae 
w Hw) ; tf 

ft) 5} i} 87 

” mm) ; O8 

{ 4 5M » vu 

} 38 72 u 80 

i s if 14.42 

| & iW Sz 

1 45 24.57 

‘iS 1 37 mM i) 
. 10) OM is 1.62 

w " } "4 77 42 

; sf mn 


it is seen that as we go down the columns for each value of a in the table 
the values of the quantity / log A at first increase and then decrease. 
Actually in the case of the column marked a 0 a certain oscillatory be 
havior in the values of this quantity occurs. However, the quantity J log 
\, representing the difference between the first approximation of pressure 
ind the higher approximation under consideration, does not seem to have a 
lirect physical significance, and hence it would not appear that this be 
havior is, in itself, of significance in the physical problem. Since the 
entries in the table give 1000/7 log A the values of / log A are seen to be 
extremely small and are moreover small in comparison with the values of 
the first approximation of pressure except near the tail end of the profile for 
4} where they are of the same order of magnitude as the first approx 

tion. It may reasonably be expected that terms involving squares of 
entropy differences in the gas, which will occur in the next higher approx 
mation, will be small im comparison with the quantity / log A; if this 1 


orrect 1t would tppeur that the v ilue sal pressure overt the profile g ven by 


the first anproximation arte verv neat except possibly for extreme values of 


I 
the angle of attuek, to the exact theoretical values under the assumption of 
ero Vis ty and thermal conductivity 
\ i t Pr 1) ibution on Curved Profiles at Superson 
1s EDI 35. | 40 


inder Navy Contract Nionr-180, Task Order V, with Indiana University 
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* The formulas for the f°, the Aj; and the following quantity Gel M, a) are given in the 
paper “On Curved Shock Waves,” /. Math. Physics, 26, 62-58 (1947 A more ex plicit 
formula for Go is to be found in the article “Calculation of the Curvatures of Attached 
Shock Waves,”’ Jbid., 27, 279-297 (1949 

* This relation is derived in §7 of the forthcoming article “The Determination of Pres 
sure on Curved Bodies Behind Shocks,"’ Communications on Applied Mathematics, 
New York Univ., Inst. for Math. and Mech 

+ See $5 of ref 4 


THE SELECTIVE ADVANTAGE OF AN ADENINELESS DOUBLE 
WUTANT OVER ONE OF THE SINGLE MUTANTS INVOLVED* 


By Mary B. MircHe._t AND Herscuet K. MIrcHecy 


KercKOFF LABORATORIES OF Brotocy, CALIroRNIA INSTITUTE oF TECHNOLOGY, 
PASADENA 


Communicated by G. W. Beadle, December 28, 1949 


In discussions of evolutionary specialization it is often suggested that if 
one reaction in a biosynthesis 1s blocked, the ability to carry out other 
reactions preceding this one in the series will tend to be lost as a result of 
mutation, provided that the intermediates involved are not themselves 
useful. Such a tendency would be predicted if mutations which result in 
loss of synthetic ability were more frequent, or of greater selective advan 
tage than those which restore the ability The possibility that loss of 
synthetic ability may sometimes confer a selective advantage provides an 
interpretation of the behavior of the adenineless strain of Neurospora 
which is discussed here. In each of three stock cultures of this strain there 
occurred spontaneously a second mutation to adenineless, and the cultures 
became genetically pure for the double mutants. Selection of the double 
mutants may be accounted for by the fact that, on the medium used, the 
double mutant in each reaches its maximum rate of growth more quickly 
than does the original single mutant. 

Detection of the Spontaneous Mutations. A striking characteristic of the 
strain in which the new mutations appeared makes detection of the presence 
of certain other adenineless mutant genes quite simple lhe accumulation 
by this strain (isolation number 35203) of a purple pigment is prevented if 
any one of three other adenineless mutant genes (isolation numbers 27663, 
28610 and 44411) is present.' Available evidence indicates that the purple 
pigment is a derivative of an intermediate in the biosynthesis of adenine 
and that accumulation of the pigment is prevented by the 27663, 28610 and 
44411 mutations because these interfere with reactions which come earlier 
in the series, thereby cutting off the supply of pigment precursor.' Hence 
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the single mutant, $5205, is purple while the double mutant of 35203 with 
7663, 286010 or 44411 16 not purple 

The three isolates of ad-p (purple-adenmeless}, which were observed to 

have lost the purple character but to have retained the requirement for 

idenine, had been kept as stock cultures at room temperature and had 

wen transferred at six- to eight-week intervals. Some time after the dis 


iopenrunce of the purple ch iractet the Vv were out crossed to wild type and 
gregation of two adenineless mutants, one of which produced the purple 
ent, w lemonstrate ill penthecia tested Phe double mutant 
rn ¢ ev not purple 
Comparison of Growth Rates of the Single and Double Mutan The ge 
netic constitutions of the three double mutants obtamed from the above 


i 





crosses were checked by out-crossing them to wild type Also double 
avere uA nee: uh 
wre ‘ Me Mw 
“ei wl . + 
, ty 
8 i 
' j > 4 } 
a 
5) 
ks bos Pe 
t 
Fi lin {5 a) 
¢ tw 4 > 
4 444 t s 
a 
! > te 
144 
\ ! } t 4 
ut ts « iwi-p with two of the not purple mutants, 27663 and 44411, 
vere pre (jrowth rates were measured at 25°C. on complete medium 
in growt! Innocula were obtained from complete agar slant cul 
tures whi from 7 to 10 davs old Ihe tubes were marked at the 
veehal frontier to 2O hour ifter imoculation and the growth rate 
letermmined for the follow iS-hour period. Results are given in table 1, 
where the three taneous mutations are designated as ad-xl, ad-x2 
in . It will be seen that on the complete medium the single mutant 
i grow ore slowly than any of the double mutants \iso, in tubes 
wineh were ulated with ture of spores from ad-p and any one of 
the { ttants the rate of growth was the same as that of the double 
nut t . urple ' nt was formed m these tubes, except near the 
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point of inoculation. The growth rate of the purple strain is not con 
stant during this 48-hour period, but is increasing, and after 60 to 70 hours 
approaches that of the other strains. However, it would appear that, in 
mixed cultures, the purple strain ts forced out very early, since the pigment 
has been observed only very near the point of inoculation and the rate of 
growth is fairly constant 15 or 20 hours after inoculation 

The complete medium used had the same composition as that upon which 
the stock cultures had been kept. It consisted of the usual minimal me 
dium! supplemented with an autolyzate of wild-type Neurospora mycelium, 
prepared as described by Lein, Mitchell and Houlahan.* A concentration 
of autolyzate equivalent to 40 mg. moist weight of mycelium per ml. of 
medium was used. On minimal medium supplemented with adenine there 
is little difference in the growth rate of ad-p and that of the other strains in 
the 48-hour period considered, but there is a greater difference during the 
first 15 hours after inoculation, the distance along the tube covered by ad-p 
being about two-thirds of that covered by the other strains. Apparently 
the difference is sufficient to allow selection of the double mutant on this 
medium too, since no pigment was observed in mixed cultures except near 
the innoculum 


In liquid culture, if the autolyzate is used as a supplement, after 30 to 


10 hours growth the dry weight of mycelium from the double mutants and 
mixed cultures is 4 to 5 times greater than that from the purple mutant. 
\fter 50 to 60 hours the difference in dry weight is only about 16%, but 
no pigment was observed in the mixed cultures. When adenine was used 
iS a Supplement my lenine sulfate per 20 ml. of medium) there was 
little difference in the d s after 40 hours, and the mixed cultures 
were purplk 

Genetic Relationshtt ! hontaneou futants and the Induced, Not 
Purple Adeninele Vutant From crosses of the double mutants to wild 
type the three new mutants, ad-x1, -x2 and -x3 were obtained without ad-p. 
Chey were crossed with each other, with 27663, 28610 and 44411, and with 

fourth not-purple adenineless mutant, 3254, which gives a faintly purple 
double mutant with ad-p. The crosses were made on corn meal agar slants 
ind the ascospores obtained were suspended in sterile water and spread on 
gar minimal medium in petri-plates. The plates were kept at 25°C. for 


i 


12 to 14 hours after heat treatment and then examined for wild-type spores. 
These can be distinguished from mutant spores since the latter produce 
very short haphae and then stop growing on the unsupplemented medium, 
while growth of the wild type continues 

From the results of these crosses, given in table 2, it ippears that the 
three spontaneous mutants are all genetically different and that ad-x?2 1s 


different from the four induced not-purple mutants. It is possible 


is allelic with 28610 and ad-x3 with 27663: fertile crosses were 


not obtained in these two case 
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Discussion.--1t is clear that in mixed cultures, containing ad-p and a 
double mutant of ad-p with one of the not-purple adenineless mutants de- 
sembed, the double mutant is selected on either of the two agar media used. 
Che slower initial growth rate characteristic of ad-p appears to be adequate 
reason for the selection, but is possible that other less obvious factors are 
involved. The cause of the reduced growth rate is not known. Possibly 
the accumulation of pigment is in some way responsible but this has not 
been demonstrated. It can only be said that a mutation which prevents 
the accumulation of pigment removes, or compensates for, a detrimental 
effect of the ad-p mutation. 

Fries, working with Ophiostoma, has observed three cases in which a 
mutant strain, after having spontaneously acquired a second mutation, has 
become genetically pure for the double mutant. Two of these strains were 
guanine-requiring and the second mutation in both was to hypozanthine- 
less." The third was an adenineless mutant in which a mutation to bio 
tinless occurred.* These, of course, differ from the case reported here in 
that new growth requirements are introduced, but knowledge of possible 
interrelations in the biosyntheses concerned might diminish this difference. 


TABLE 
WILD TYPR PROGENY WILD-TYPE PROGENY 
ATRAINGS )BARRV ED STRAINS ONSER VED 

wiexl & ad-x2 + + ui-x2 * 27663 + + 
ul-xl &K ad-x3 ++ ad-x2 < 28610 + + 
vi-xl ® 3254 ++ id-x2 X 44411 ~ + 
sd-xl & 27663 + + id-x3 & 3254 ++ 
ad-xl & 2R610 No fertile cross sd-x3 < 27663 No fertile cross 
wl-xl ™ 44411 - + ad-x3 & 28610 TT 
ul-x2 & ad-x3 alin ii-x3 & 44411 + + 


One may question the usefulness of speculation upon the applicability of 
selection of a further loss of synthetic ability as a mechanism for evolution- 
ary specialization, The observations of Frnes and those described here 
serve to establish that under certain laboratory conditions the phenomenon 
of selection does take place. Possibly it does so to a significant extent 
under natural circumstances as well. 

It is of interest to compare the mutations which prevent the accumula 
tion of purple pigment by ad-p with suppressors which operate on Drosophila 
mutants characterized by abnormally high pigment production. If the 
adenineless strains of Neurospora were always kept on a complex medium, 
and the adenine requirement not therefore recognized, then the not-purple 
inutations which prevent pigment production would, if they were encoun- 
tered, be looked upon as suppressors of the purple character, quite analogous 
to suppressors of black,’ sable* and perhaps others, in Drosophila. There 
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might be found then, at least four complete suppressors and one partial 
suppressor of purple, namely 27663, 28610, 44411, ad-x2 and 3254. Fur- 
thermore, there is another genetically distinct adenineless mutant, 44206, 


previously described,’ but not otherwise discussed, here, which produces 


the purple pigment under different conditions and to a lesser extent. Hence 
this strain is quite different in appearance from ad-p and it might therefore 


be classified as an unrelated mutant suppressed by the same series of sup 
{ 


’ 
p. 
Summary.--In three stock cultures of an adenimeless strain of Neuro- 


pressors which operate on ac 


spora a double mutant arose as the result of spontaneous mutation to 
adenineless, and, in each case, the double mutant forced out the original 
single mutant. Under conditions which existed at the time the selection 
took place the double mutants show a faster initial rate of growth than the 
original single mutant he three new mutations are genetically distinct 
and each one, in combination with the original mutant prevents accumula 
tion of a purple pigment which is characteristic of this strain. Cultures 
from mixed innocula of the purple mutant with any one of the double 
mutants have the growth rate of the double mutant and form no pigment. 
Acknowledgment. The authors are indebted to Mrs. Mary Emerson who 
first observed that the cultures of ad-p which had lost the purple character 
had retained the requirement for adenine 
* Work supported by grants from the Rockefeller Foundation 
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Lein, T., Mitchell, H. K., and Houlahan, M_ B., Proc N Acap. Ser, 34, 435 
1948). 
* Fries, Nils, Physiologia Plantarum, 2, 78 (i949 
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HIGHER PROPERTIES OF PHYSICAL SYSTEMS OF CURVES 
By EDWARD KASNER AND JOHN De Cicco 


DEPARTMENTS OF Matuematics, Co_umer1a Untversiry, New York, AND ILLINOIS 
INSTITUTR OF TECHNOLOGY AND De Paut Univerasrry, Curcaco 


Communicated December 
i. A system S, of @* curves in a field of force consists of curves along 
which a constrained motion is possible such that the pressure P is pro 


portional to the normal component NV of the force vector. Thus P = kN 
where k( + 1) 1s the constant factor of proportionality.' 
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These are called the principal directions. At a non-ordinary point P, 
every direction is a principal direction. At an ordinary point P, there 
are only two principal directions, which may be real or imaginary. 

For a field of force, which is not. of the types described in Section 4, 
there is a principal net of 2@' curves 

At an ordinary point P, the hyperosculating speed v is instantaneously 
lationary along each of the two principal directions (7), which are symmet- 
rucally situated with respect to the line of force. 

Che following formula is analogous to Euler's formula for the normal 


curvatures of a surface. 


1t an ordinary point P, let »,, for j = 1, 2, denote the angle between any 
lirection v' and a principal direction y,, and let v and v, denote the hyper 


osculating speeds corresponding to these directions y' and y,'. Then 


v v4" rv v2" 


v,* sin? Ay v)" sin? dy 


Our final result is related to the Property IV stated above. 

At a direction of a non-exceptional point P, which is neither exceptional 
nor the direction orthogonal to that of the line of force, the ratio p of the hyper 
osculating curvature « of a system S, to that of the hyperosculating curvature 


xo Of the velocity system S. 45 


a : (9) 


Let the direction in the above result be taken as that of the line of force 
Phen x» is the curvature of the line of force and « is the curvature of the 
rest trajectory of the system S,. Thus this result reduces to the theorem 
of Kasner concerning the comparative curvatures of the rest trajectory of 
a system S, and the line of force." 


kKasner, “Differential Geometric Aspects of Dynamics,” Princeton Colloquiurn Lec- 
tures, Published by Am. Math. Sec., 1913, 1934, 1948. See also a series of papers by 
Kasner and De Cicco published in these Procerpinos, 1947-1949. The five char 
wcteristic properties of trajectories and general physical systems are there discussed 
Property | relates to the circular focal locus, Property I] to the angular relation, Property 
\ to the variation of the conic of Property LIL, Properties III and IV are stated in the 
present paper. Projective characteristics have been given by Terracini for trajectories 
* Kasner and Mittleman, ‘A General Theorem on the Initial Curvatures of Dynamical 
lrajectories,”’ these Procerpines, 28, 48-2 (1942 Kasner and De Cicco, “Physical 
Curves in Generalized Fields of Force, /did., 33, 1690-172 (1948 De Cicco, “Con 
trained Motion upon a Surface under a Generalized Field of Force,"’ Bull. Am. Math 
voc., $3, 9035-1001 (1947 
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THEORETICAL RELATIONSHIPS AMONG SOME 
WEASURES OF CONDITIONING 


By Conrap G. MUELLER 
Co_umMaetia UNIVERSITY 


Communicated by C. H. Graham, December 10, 1040 


rhe relationships among the various measures of strength of conditioning 
constitute an important problem for conditioning theory. Many different 
measures have been used.' The measures /atency and magnitude are based 
on the occurrence of a single response, while number of responses in extinction 
and the rale of responding in a ‘“‘free-response’’ situation are based on more 
than one instance of a response. Probability of response occurrence is an 
other term that is encountered in the literature; it is used most frequently 
in cases where more than one response is possible (e.g., right and left turns 
in a 7 maze) and in circumstances when it is possible to compute the fre 
quency or the percentage of times that a specified response is given. Per 
centage of response occurrence is taken to be an estimate of the probabulity 
of obtaining the response 

Some theoretical formulations are concerned with one or (two measures ol 
strength: others are more inclusive In only few cases has an attempt been 
made to present a theory of the relation among measures. In most treat 
ments that consider several measures, the relations among the measures 
are empirically determined 

The purpose of the present note is to indicate one possible theoretical 
account of the relationships among latency of response, rate of responding 
ind the probability of occurrence of a response. The last measure serves 
as the starting point for the discussion and provides the terms in which the 
other concepts are related 

Consider the Skinner bar-pressing situation® in which a rat's responses 
may occur at any time and ai any rate during the period in which the 
animal ts in the experimental cage. Assume that the responses under con 
stant testing conditions are randomly distributed in time Let the rate o 
occurrence of these responses be represented by r. It may then be shown 
that the probability, P?..,, of obtaining an interval between two responses 


greater than / 1s 


Ps gy" i] 


where ¢ 1s the base of Naperian logarithins Che probability of obtamimng 


mn responses in an ynterval, 7’, is 
F, rly" 


Equation (1) gives us a statement of the distribution of time intervals 
associated with various rates of responding. For example, for the median 
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i P., 390.5 and ’ log, 0.5 or the median f us 0.0977 Equa 
es the probatnlity of various numbers of responses within some 
me interval. For example, the probability of getting exactly 
e in interval is (rl \¢ he relation between equa 
i ' bvious when we consider the probability of getting no 
naninterval, 7 In this case Py 1s ¢ 
il permit us to transiorm arate measure 1 
ure Since we are dealing with a continuous 
probability of a response at any parts ular time 1s 
i response within given time intervals 1s finite and specih 
restualls refers t the time mtery il between tumulu ind i 
d thu not cire fin the previous development 
wever, that the ous are one determinant of the 
onding, that 1 has different lues for different 
ncditiont Phis assumption is consistent with the discussions by 
ther who have ¢ iphast ed the measurement of rate the 
would resumably be an elemetitary requirement for any 
mw CHrcumistance f the assumption, ¢ may be « nployed im di 
é ince the latter would be the time interval between the 
f the observation period (when a sti ulus was presented ind 
reise Phus, on the assumption that stimulus conditions are a 
t of rate of re nding and on the previous issumption that the 
rer ‘ ly distributed m tim i Statement of the rate of re 
wider specified stumulus c nditions imphes a pri bability state 
e del length ¢ between the presentation of the stimulus ; 
‘ { the first re ' v4 Thus state ent tells us not only of the 
later but Iso ot thie relation ship between sorc repre 
it i\ th t il late \ ind the rate al responding lor 
he pr ybabilit ola respot greater than the nedian latency, 
ind from equattot we see that t log, 0.5 or that 
lateney equa fie 
eding develo t dow t imply any particular theory of cot 
ut iv be ines rated mt i large class of theort For ex 
t} tore Lis wl combined with a theon tha state 
! resp hy 1 t rtional to the number of responses that re 
" en im extinction, the measure of number of responses u 
- P telw 1 ted t ur late y and probability tern In 
' ‘ 
t reef ‘ ‘ 1 extineti nis the ibe re 
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sponses ilready given, and & i a constant, we navy substitute & \ nmi tor 





im equation 


m may then be examined for relationships existing among the 


his equats 
terns nm, V, P and t In addition to the relationships among latency, rate 


ind number of responses in extinetion, equation (4) may be used to predict 
the distribution of responses in extinction for a constant strength and the 


distribution of tune intervals between responses at various stages of extinc 


tion 
Since the present argument follows mainly from the assumption of a 
random distribution of responses im time, tt 1 interest to examine data 
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for direct evidence of randomness as well as for evidence relating to the 
ibove outlined consequences of randomnes 


the data im figure | were taken from measurements obtained during the 


ourse of periodic reconditioning Che data represent the responses of a 
single animal during a 20-minute session of ‘three-minute’ periodic recon 
ditioning Within this observation penod the rate of responding was 
ipproxinately constant Phe question at issue is whether the responses in 
this interval are distributed randomly Equation (1) states that the proba 
bihtv of getting an interval between responses greater than /{ is ee", 


where r 1s the rate of responding expressed in the ime units as / In the 
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‘i-minute session, 258 responses were made, 237 time intervals were re 
corded, and the rate in this session 1s 0.20 response per second. Thus, 
without direct reference to the distribution of time intervals, theory spect 
fies the distribution of time intervals between responses uniquely. In this 
case the probability of getting a time interval greater than ¢ (in seconds) 1s 
gq Phe ordinate of figure | shows the percentage of the intervals be 
tweet responses that were greater than the various time v alues specified on 
the absersa Che solid line through the date in figure | represents the 
theoretical function. The data are consistent with the assumption that 
the measured re SPoNnses Ocr urred randomly im time 
Although the data of figure | may be representative of the agreement be 

tween data and theory under the conditions specified, certain cases of sys 
tematic deviations from theory may be noted. One class of deviations, 
for example, may be found in cases where animals show marked “holding 
behavior, i.e., where the bar is depressed and held down for many seconds 
Although the “holding” period 1s not a “refractory” period® in the usual 
sense of the term, it obviously affects the data in a similar way During 
the “holding” penod, the probability of response occurrence 1s zero, One 
compheating feature im analyzing responses characterized by “holding” is 
the fact that “holding” 1s of variable length Phe data available at present 
do not warrant an extensive treatment of this problem, but the simplicity 
that may result from apparatus changes designed to eliminate the factor of 
holding’ and the advantages that may accrue from the additional response 
specification may be shown 


\n example of a distribution showing systematic deviations from theory ts 


shown in figure 2. The computations and plot are similar to those in 
figure fhe ordinate represents the percentage of intervals between 
responses greater than the specified abscissa values. The solid line is 
theoretical The constant of the line was determined, as in the case in 


figure |, directly from the rate of responding without reference to the dis 
tribution of time intervals. The fit is obviously poor; the function appears 
wmoad and asvmmetrn 

Let us assume that the analysis leading to equation (1) and applied to 
figure | ts correct when applied to all portions of the observation period 
except the time spent an “holding An additional test may then be 
ipphed to the data from which figure 2 was obtaimed Now we are inte 
ested in the measurement of the time interval between the end of one re 
ponse and the begining of the next. Figure 3 shows the results of such 
measurements im the form of a plot of the percentage of intervals between 
the end of one response and the beginning of the next that were greater than 


the specified abscissa values lhe solid line through the data 1s theoretical 


hen the rate term, r, 1s set equal to the ratio of the number of responses to 


the total tume minus the “holding” time, i.e., to the number of responses 
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FIGURE 2 


A plot similar to figure 1 showing the deviation from theory in cases of “holding 


havior The line drawn through the data is a plot of equation (1 
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The data of figure 2 ‘corrected for holding Phe plot 1s similar 
to that in figures 1 and 2, except that the measured interval is the 
time between the end of one response and the beginning of the next 
response Phe line drawn through the data is a theoretical one 


described in the text 
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per unit of “avatlabie”’ time Asin figures | and 2 the constant 1s evaluated 


hhape of the distribution of intervals 


Data relevant to the present analysis of latency measures are not numer 
vil The agreement between the present theory and the data reported 
by Felsinger, Gladstone, Yamaguchi and Hull*® is shown in figure 4, where 
the percentage of laten 1S greater than specified abscissa values are plo ted. 
The solid line is the theoretical curve In the ease of the latency data under 


consideration it 18 not possible to evaluate r independently of the distribu 

















tion of time intervals. In the case of figure 4 the constant was determined 
by the slop of a straight line fitted to a plot of log P iwainst f 
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Probably little is to be gained at this time by further sampling of the 
equencees of equation but many additional tests of the formulation 
be rrncacke For some tests appropriate data are not available. For the 
; : : ; ; : 
tests that have been tned the agreement between data and theory 1s 
ising One prediction that has been tested concerns the distribution 
time intervals between responses for a number of animals at compar ible 
tig extinction The expectation 1s that at a specifi 1 stage in extine 
the intervals between response R, and R , fora large number of 
will be distributed m a manner similar to that shown im figure 
¢ nstant therefore t} steepness of drop of the curve) will 
t te itically with » In other words, the steepness of the drop of : 


will depend on where mm extinction the inte 
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vals are measured. In fact this expectation seems to be borne out by the 
cases measured, although the number of measurements at each stage of 
extinction is not large. 

Finally, it may be pomted out that the form of the present account has 
important consequences for the treatment of experimental data. Since 
one of the features of the account 1s the possibility of specifying the fre- 
quency distributions of the measures discussed it is possible to eliminate 
many of the problems associated with the arbitrary selection of representa 
tive values in summarizing data, On the basis of the preceding equations, 
one may state changes im one statistic, say the arithmetic mean, in terms of 
changes in another, sav the geometric mean or the median. Therefore, 
data using different statistics are made comparable and the multiplicity of 
functions that may arise from the use of different descriptive statistics not 
only ceases to pose a difficult problem but is actually an aid to theory test 
ing 

Summary \ theoretical account of some relationships among measures 


} 


of strength of conditioning has been considered ! 


If we assume that 
responses in a “free-response’’ situation are randomly distributed in time, 
we obtain directly a statement of the probability of occurrence of a re 
sponse (or of any number of responses) within a specified time interval as a 
function of the length of the interval and of the rate of responding; we also 
obtain a statement of the probability of occurrence of inter-response time 


intervals of varying lengths If we assume that, for any specified 
stimulus condition, there corresponds some rate of responding, it turns out 
that the probability of occurrence of latencies of various lengths may be 
specified for various rates of responding, or, for a fixed probability value, 


the relation between latency and rate may be specified (3 Finally, 


where these considerations are added to a theory specifying the relationship 


hetween rate ol responding ind number of responses yet to occur, the 
number of responses in extinction may be related to the latency and proba 


bility terms as well as to rate In addition to statements about average 


} 


values, the present formulation has consequences for the distribution of 


time intervals between responses and, by extension, for the distribution of 


latency measures. 


Century Co, New York, 1943 
Appleton-Century Co., New York, 
tory’ period exists, 
ch the probability of 
from the “refractory” 


ig an interval greater than 














2S AS A MSc ERP EME a apo 


Se 


st 





7 
é 


ta je ARTETA! 


enn 


prigpancsnintettires 


ery 


w VATHEMATICS: L. BERS Proc. N. A.S 


where ts is the “refractory” period The formulation is more complex if the transition ts 
treated as a gradual one or if the ‘refractory’ period has a variable length 

The data reported here were recorded by Mr. Michael Kaplan in the Psychologica! 
Laboratories of Columbia University 

This is merely a first approximation. Subsequent analyses may show that the 
interval between the end of one response and the begiiming of the next is not independent 
of the “holding” period The results of our procedure indicate that the approximation is 
useful for the present 

* The experiment by Felsinger, Gladstone, Yamaguchi and Hull [/. Exptl. Psychol 

37, 214-228 (1047)! may not provide an optimal test of our formulation for two reasons 
The first is that the data are reported in a frequency distribution with step intervals 


winch begin at zero. If the shortest latency were greater than zero, starting the step 
utervals at the lowest measure would be more appropriate. The use of zero as a lower 
lunit could easily make an exponential distribution more normal. The method of sum 
marizing the data may account for the deviation of the point at 0.5 second in figure 4 
The deviation of this point is an expression of the fact that the distribution reported by 
Pelsinger, Gladstone, Vamaguchi and Hull does not have a maximum frequency at the 
frat step interval! 

in the second place, it may be assumed that the many transient discriminative stimuli 
sociated with the exposure of the bar may play a more important réle than the con- 
tinuous ones associated with the presence of the bar. Although it is possible to extend 
the present notion to stimuli of short duration which end before the occurretce of the re 
ponse, additional assurnptions are required. A less equivocal test of the present theory 
ntuy be expected from a distribution of latencies obtained from an expernmental pro 
cedure of the sort used by Skinner (op. cit.), Frick [/. Psychol., 26, 96-123 (1948) ] and 
others After a period of, say, no light, a light is presented and stays on until one re- 
ponse occurs (Skinner) or stays on for some fixed period of time sufficiently long to in- 
ure the oecurrence of many respons Frick Such experimental procedures would 
minimize unspecified transient stimuli and would parallel more closely the notion 
that stimulus conditions determine a rate of responding. The procedure used by 
Frick has the additiona) advantage of permitting the measurement of the time interval 
hetween the onset of the stimulus and the first response and the subsequent intervals 


ween responses under “the same’ stimulus conditions 


PARTIAL DIFFERENTIAL EQUATIONS AND GENERALIZEI 
ANALYTIC FUNCTIONS 


By LipmaAN Bers 
SYRACUSE UnNtversrry AND THe INstTirurTe PoR ADVANCED Srupy 


Communicated by Marston Morse, December 24, 1949 


’ 


Introduction. \n this note (an abstract of results to be published in 


iull elsewhere) we present the fundamentals of a theory of complex-valued 


functions u(x, ¥y) + (x, vy) whose real and imaginary parts are con 


nected by the equations 


(1 


i theory which parallels closely that of analytic functions 
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As early as 1891 Picard! foresaw the possibility of such a theory, but his 
suggestion seems to have remained unnoticed. Several years ago Gelbart 
and the author’ considered the case ¢ = a(x))(y). In this case there exists 
an integration process (used implicitly by Beltrami’ in a special case) which 
yields explicit formulas for solutions of (1) corresponding to the powers of a 
‘omplex variable. From these all other single-valued regular solutions can 
be constructed, at least locally, by means of “formal power series."’ Our 
methods could be extended to systems of higher order (Diaz*) and to equa 
tions in three-space (Protter®), but they seem to be inadequate for the treat 
ment of singular and multiple-valued solutions. The general case (1) has 
been considered recently by Bergman’ and by Markushevitch (as reported 
by Petrovskii’), and especially important results have been obtained by 
Polozii.* In the present paper we do not construct solutions in closed form 
as was done in the special case mentioned above, but are able to obtain con 
siderably stronger general results. We shall impose only very mild reg 
ularity conditions on the coefficient ¢(x, y), but in order to achieve as close 
an analogy as possible with classical function theory we shall require at 
present that these conditions be satisfied in the whole function-theoretical 
plane. Most of our results, however, imply theorems of a local character. 


It is hardly necessary to point out that the analogy between analytic 
functions and solutions of partial differential equations of elliptic type has 
inspired many recent investigations, notably the work of Bergman and 
Schiffer* on the kernel-function, and the theory of mappings by means of 
solutions of systems of differential equations developed by Lavrentyeff, 
Schapiro, and Gergen and Dressel 

2. Pseudo-Analytic Function..--We set x + ty = 2 and write functions of 
v and y as functions of s, without implying by this an analytic dependence 
on z. A function a(x, 5 a(c) defined in a bounded domain D is called 
admissible if ¢ > 0, and ¢, and o, exist and satisfy a Hélder condition. <A 
tunction o defined over a Riemann surface F is admissible, if in the neigh 
borhood of each point of F it is admissible as a function of the local param. 
eter. In the following we use a fixed function o defined and admissible 
over the whole complex plane (Riemann sphere Chus ¢(s) is adnussible 


for iz) < + @ and p{f o(1/f) is admissible for |(¢ < 4 


We say that a complex-valued function f(s u(x, y) + to(x, ¥) is pseudo- 


analytic with respect to o at a point Zo if in some neighborhood of this point 


the partial derivatives of u and v exist, are continuous and satisfy (1). A 
function is pseudo-analytic in a domain if it is pseudo-analytic at every 
point in the domain. Complex constants are pseutlo-analytic, so are 
linear combinations of pseudo-analytic functions with real coefficients. 
Since equations (1) preserve their form under a conformal transforma 


tion, pseudo-analyticity can be defined over an arbitrary Riemann surface. 
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We shall make almost no use of this fact at present, except for the case of 


the Kiermann sphere 
With each function gis g(x, ¥) + wWix, ¥ 
function “* pfs oix, ¥ olx, vi + tals 


tion we may express pseudo-analyticity by a d 
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we associate the ‘reduced 
vix, ¥ Using this nota 


ifferentiability requirement 


Tneorem. A function f(z) defined in a hounded domain D 1s pseudo 


analytic tn D tf and only tf for every to in D ti 


considered as a function of the complex variable 


1¢@ function 


[ fie ; 


nae 
ts differentwble al 2 


The proof of this theorem requires much of the theory developed below 
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some of the recent results by Polozu. Our | 
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THEOREM Let fis) be sengie- tained, Pseudo-a 
? ” ; 

i} i hen einer } ts Pseudo 
r bere ’ ni ( 
; ; “d / ~ x tf) 

it'¢ ni¢verT F ,, or 
in ven sf tn ever neienbor) vi of: 

In the first case we iv that f issumes the 
n, in the second that f na il i pole ol 


essetitial singulantv) Picard’s theorem hold 
Grotzsch Since ma 


bounded eccentricity 


The following theorem contains and sharpens 


wool uses a method due to 
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naiyite and not a constant for 
analytic at t% and“ [f 

iliwe infever, or for some po 
fiz) comes arlntrarily close to 


value f(t.) with multiplicity 


order # In the third case 


by 


s by virtue of a result 


appings by pseudo-analvtic functions are m ippings of 


COROLLARY Pseudo-analytic functtons are interior transformations in 
ie ence of Slouon 
The behavior of a pseucdo-analyvtic function at 2 may be deseribed 
in a similar manner 
i Formal Power Let r be a real rational number, r « 0, (7 b/g, 
where P and q are relatively prime positive integers Let a and ¢ be com 
plex numbers, a # 0. We say that a function f(z) is a formal power with 
xporent coethcient ind center at ¢, and write f hed Pe ae eae 
i valued and pseudo-analytic for 0 if f(z) isa 
ne-to-ome ipping of the times covered 2-plane (with branch-points at 
ine onto the p-times covered tw-plane (with branch-points at 0 and 
i that f 0, f ifr > 0, f ,ft« Oifr < O, anda 
" we have that We also set Z 
} a) 
PukoReM. For every rational r and complex a and ¢ the formal power 
4 exists and ts uniquely determined 
It easy to see that Z + ff of ra a, 4 s)+Z f ind 
{ t fore ry real a ‘ wl Z 1 4 


With the aid of the formal powers we may 


associate with every 


which is pseudo-analytie at ¢ the “differential quotients 
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ead ainiar se sien aey: 








(hese differential quotients always exist, though f(r) considered as a func 
i vy need not have part il derivatives of order higher than the 


tion of XY and 


second 
Pueorem. /f f(: analytic at ¢ and D> ; , then 


‘i 


It is easy to see that the uniform limit f of a sequence of pseudo-analytic 


functions f,; 1s pseudo analvti It can be shown that uf? *f um 


formly im a domain D, then D f 
ect to fin every compact subset of D 
i pseudo analyt« function is a 


» Df, the convergence being uniform 


with res} 
Rational Functions.--We say that 
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rational function if it has no singularities except poles, an entire rational 


function if it has no singularities except perhaps a pole at infinity. 


non-constant rational function has as many zeros as tt 


ind are counted with proper multi plictties }. 


um of formal powers with integral exponents, 
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logether with (3) we consider the ordinary power series }0a,2" and denote 
its radius of convergence by r 

Tumorem. The series (3) converges absolutely and represents a pseudo 
analytic function for 2 ~ § <r, converges uniformly fort - ¢ Sr’ <r 
dwerges for | ‘ > © 

\ similar theorem holds for series of the form }>Z 

rusorem. Let f(z) be pseudo-analytic for 2 — ¢ < Rand seta, = D;f/v'. 
lhere exists a positwe number a depending only on the function o, such that 
the series (3) converges and represents the function f(z) for 2 — §) < aR 

hus if f is an entire function (R + @), the series converges for all 
finite values of . A similar expansion theorem holds for functions pseudo 
analytic for 2 fi >R 

7. Cauchy's Formula, ~The second order equations resulting from (1) are 


u,/o), & (y/o), 0, (ot,}, + (et,), 0 (4 


Using the so-called fundamental solutions of these equations the values of 1 
ind v at an interior point of a domain may be expressed by line-integrals 
extended over the boundary of the domain and involving the boundary 
values of u and » (Bergman, Polo2ii) 

We are also able, however, without using explicitly the fundamental 
solutions, to obtain a Cauchy type formula formally identical with the 
classical one 

We note first that Z” (a, ¢; 2) depends continuously on @ and ¢ (at least 
for { #2). Hence if Cis a rectifiable are admitting the parametric repre 
sentation ¢ f(s), f° Cs) l, se <s < s, and A(f) a continuous function 


defined on C, the mtegral 
Sc2" [A (bdo, €5 2) SZ NA Le(sye'(s), o3 2} ds 
is defined for every zc not on C 


Pusorem. Let Dbeadomain bounded by a simple closed rectifiable curve C, 


fis) a function which is pseudo-analytic in D and continuous on C. Then 


ad } 


[2 “ita edt, ¢; 2] Nz 
a , 


ifcin an tniertor point of D. The integral vanishes if 2 ts an extertor point of 


D 

We proceed to enumerate some consequences of this theorem. 

<. Isolated Singularities Turorem. Let f(s) be single-valued and 
pseudo-analytic for 0 < |i sz < R. Then 


; ; o i ” ; “ « , 
he exdbonston being convergent for U « ( f ak 
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Here a is the constant of the second theorem in 44 The number of non 
vamshing a _, determines in the usual way the character of the point ¢ 
4. Approximation Theorem.--Let D be a bounded domain bounded by 
the closed rectifiable curves Co, C, Cy, Co being the outer boundary 
curve. Let fo be a point exterior to Co (which may be the point at infinity), 
mY 1, 2, , NV) a point interior to C In D we consider a single-valued 
pseudo-analytic function f(s 
PHeOREM. There exists a sequence of rational pseudo-analytic functions 
having no poles except at the potnis Fo, . Cy, which converges to f(s) in D, the 
convergence being uniform in every compact subset of D 
Corotiary. Jf D ts simply connected, f may be expanded in a series of 
formal polynomials 
Recently Eichler'® established the following theorem for certain linear 
partial differential equations of elliptic type in m-space with analytic co 
efficients. Let D;, D,, D, be bounded domains homeomorphic to the in 
terior of the n-sphere, such that D, ¢ D,, D, ¢ Dy, D denoting the closure of 
D. Let ¢ be a solution of the equation considered defined in D, and ¢ a 
positive number. Then there exists a solution ¥ defined in D, such that 
¢ y <einD, \ more special theorem of this kind has been obtained 
previously by Bergman.'' Our result shows that for equations of the form 
4) Eichler’s theorem holds withouteanalyticity assumptions 
10. The Logarithmic Function.-Let ¢' and ¢" be two distinct points, 


ind set 


the integration being performed along some fixed path 

PHeorem. The function f(z Lia, ¢', ©"; 2) 1s pseudo-analytic for s # 
c', ¢" and 1s such that the difference f(z log (2 c a log (z — ¢")| ts 
stngle-valued and O( log} (z s')(z Any other function with these 
properties differs from f(z) by a constant 

From this theorem it is not difficult to infer the existence of a function 
f(z Lia, ¢, ©; 2) which is pseudo-analytic for s # ¢, © and differs from 
a log {2 t) by a single-valued function O ( logis 3\}) If a is real, 
then Re L(a, ¢', §"; 2) is a fundamental solution of the first equation 

+) for every domain containing ¢' but not 

I] Vulttple-Valued Function Purorem. Let f(z) be a k-valued 


pseudo-analytic function defined for 0 «< f Then 


the expansion being convergent at all points suffictently near to and distinet 
from ¢. 


If only a finite number of the coefficients a _ ,, a— >», , are different from 


ihc alee a reas rece oye RAbia 


} 
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Syvi 


a4u 


an algebraically closed field of characteristic 0 Phe excep 


tional simple Jordan algebra 3 over A ts the (non-assoctative) algebra of 


dimension 27 whose elements are 3 XK 3 Hermitian matrices 


with elements in the Cayley algebra € of dimension 8 over A, multiplication 


being defined by 


where .\ is tl ordin: matrix product write the trace 


Che derivation algebra D of {Y ts Lie algebra of endomorphisms D of § 


satisi ving 


endomorphism 


¥ 
5 


everv X in 


Ve char icterize the exce] mal sump! ilgebr is ol di 


mension 52 and 7S 


dimenston 52 and 


lordan algebra & 


fig of dtmenston 


ations of elements 3} 


Triality for the elements of the 
‘ skew-syinmetric matrices overt 
is endomorphisms of the Cayley 
lgebra is equipped with a trace function Sp a r+ i 
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Sp xy = Np yx, Sp x(yt) = Sp (xry)z (= Sp xys). 


\lso Sp xy is a non-degenerate bilinear form Phe alternative law in € 


vives the formula 


Sp (ax)lys) + Sp Cys) (2x Sp (xy)(st + 2s) forx, y,s,sin@. G 
For, writing [x, ¥, 2] v( yt (xy)z, we have [x, vy, 2] = [z, x, y], so that 
ys) + (2x) sixy) + (xy)c and Sp (sx)(ys) + Sp (ys)(2ex) = Sp s(x(ys) 
t+ SP (lexiy Sp (x(yt) -+ (2x)y)s Sp (zixy) + (ry)s)s Sp (xwy)(ss + 


An endomorphism (° of © ts in ofS, A) if and only if U leaves the norm 
forth ©? invariant 
Uxik + x(lx) = O {.>} 
Phe derivations D of © satisfy (5); so do the left and right multiphcations 


Li: x - sx and R,: x ~> xt of elements s and ¢ of trace 0. It follows that 


every element (in o(S, A) may be written uniquely in the form 


l D+ L, + R, $= —s,} = t. (t 
For if D+ L, + R 0, then / = sand L R, is a derivation of € 
ya): ryiz ysiz + y(sz y(zs) for all y, sin ©. That is, 
y, 2] + [v, 2, 5] [v, s,s] = 3[s, v, 2] = 0, and s associates with all y, z 
in & Then 0, D L R, = 0. Since ofS, A) is of dimension 2S, 


while the derivation algebra of € is the exceptional simple Lie algebra G; of 
liunension 14, every element of o(8, A) is a sum (6 
PRINCIPLE OF TRIALITY. For L’ in o(8, A), there exist unique L"’, L" in 


o(S, A) such that 


Sp (Ux)ys + Spx(U' ye + Sp xy(l'"s) 0 i 
for allx, ¥, sin & 
For ( D, take | L* =D, ThenO = Sp D(xys) = Sp (Dx)ys + 
Sp x(Dyis + Sp xv(Ds For U = L,, take U’ = R,, U’ ' R, 
Then Sp vii ve + Sp xivs Sp (xv)(se + ss Sp (sx)( yz + Sp 
Sp (xviist + 2 } by (4). Similarly for / R,, take 
| gD és R Kut any U’ in o(8, A) may be written in the 
orm (6), so the existence of 1’, U’" satisfying (7) is assured. To show the 
uniqueness, we show that, if Spx(l'y)z + Spxy(l"s 0 identically, we 
have ¢ [i 0. Since Sp xy is a non-degenerate bilinear form, 
Sp x((l e+ y(U"s 0 for all x, y, s implies 
(U'yis + yO": 0 for all v, cin € S 
Lets lin (NS); then U''y vuforuin @ with Spu = 0. Let y 1 in 


cforrin & Hence (8) becomes 








Vow. 36, 1950 WATHEMATICS: CHEVALLEY AND SCHAFER 


yuis + vir forall y, sin & (9) 


Putting y = z = | in (9), wehaver u, ly, u,s| = 0, or w associates with 
ally,sinC. Thenwu = 0, U’ = U* = 0. 

Associated with the exceptional simple Jordan algebra } are the bilinear 
form Sp X ¢ } and the trilinear form 


oX, ¥,Z Sp(X ° } Z Sp Xe (Ye Z). 


f 


Any derivation D of 3} leaves these forms invariant 
SpDX° ¥ + SpNXN-D) (10 


(DX, ¥,Z) + oN, DY, Z) + @LX, ¥, DZ 0 il 


a 


Conversely, any endomorphism D of 3 leaving both Sp X ° ¥ and @(X, J, 
Z) invariant is a derivation of 3. For (10) imphes Sp (DX « J Z+ 
aX, Y, DZ) = 0. With (il) this gives 


Sp (DX p= 0 (12 


identically. Since Sp X ¢ J) is a non-degenerate bilinear form, (12) imphes 
2), Disa derivation of 3 

Denote by e¢, the matrix (1) with ¢ |, all remaining entries zero. Let 
I, be the set of matrices (1) with all entries except x, and 2, zero; T, is then 
in a natural one-to-one correspondence with ©. If 7; «T,, then e, ° 7 0, 
e 1 7, if 7 # t. We propose first to determine all derivations 
which map ¢,, ¢ and e, upon 0. The spaces T, are invariant under such a 
derivation D, since 0 = Die, ° T,) = (De) ° T, + e,¢ (DT) = ee (DT) 
implies D7’, isin T, + Ae, + Ae, where } 4, j, &{ 11,2,3], while '/,DT7, = 
Die, T;) = (De T, +e D1 (DT) implies DT; is in I, + 
q,. Let U be the restriction of D to Since D leaves invariant the 


e 
y 
2 


quadratic form 
Sp X 


we see that l leaves invariant the norm form x,7;, so 1 isin ofS, A Also 
the restrictions ('’ and UL” of D to T, and Ty, are in of(8, A). But since D 


leaves invariant the cubic form 


Vpl + SOP NyWgXy, 


it follows that U, Ll’, l” satisfy . Hence any derivation of { which 


Maps €;, @, és upon 0 has the form 








q 
3 


4 
‘| 


i 
& 





Ba preonen eee 


Kin (1), where L is im ofS, A) and 1”, U” are the corresponding ele 


ments of ofS, A) given by the Principle of Triality. Conversely, any 
ipping (13) is a derivation of 4 since it leaves invariant both Sp X } 
d @iX, },Z The mappings (13) then give 2S linearly independent 
lerivation f 3, and actually form a subalgebra of D isomorphic to of{8, A 
Phe space of all elements of trace 0 of 3 which are mapped upon 0 by R 
is the space I,’ tT, + Ale ¢ Let D, be the space of derivations of 3 
which map ¢, upon 0; then the elements of D, map T,’ into itself and leave 
nvariant the restriction to T,' & T,’ of the bilinear form Sp X } On 


> } 


the other hand, the only operation of T, which maps I," upon 10; is O; 


r such an operation maps ¢,, ¢ é ind ¢, + ¢, + é, upon U, which shows 
that it belongs to ofS, A indi therefore that it 1s 0 since it maps J upon 0 
Che algebra D, is therefore isomorphic with a subalgebra of 0(9, A On 


the other hand, if X and J} are in 3, then 


R be R : R . R R 


is a derivation, because 2 1s a Jordan algebra In part ular, if 7; « 3 
the operation [R R. is in D, and maps ¢ é, upon 7 Since the 
operations of o(S, A) map ¢ ¢; upon 0, we have dim D, 2 28.+ 8 = 36 
fim o(9, A), and TD, is tsomorphie with 0f9, A the same is of course true ol 
DP, and 
Let D be any derivation of 3 Then 1 De 2¢ De,, whence 
ive i + Jee Ry ¢ I We in find operations D and 2). of DP» and D;, 
respectively, such that Ly, / Dy / ind DP. and Dy are 
then uniquely determined modulo o(s, A Che operation D Dy + D 
then in 2 this proves that the algebra TP of derivations of Yis D, 4 
rm. + PD, and that its dunension st i) is) i iS) + 36 92 The 


idjoint representation of T induces a representation of ofS, A) which 1s the 


um of the adjownt representation and of the representations given by the 


paces D,/o(S, A) (4 . If we map every ) « D, upon Die e 
where (4, 7, &) 18 an even permutation of (1, 2, 5 then we obtain equiv 
dlences of the representations given by the spaces D, o(S, A), Dy/o(S, A 
ois, A) with the re presentations | > F > { and { > UL” con 
tructed above, and it 1s easily seen that these representations are inequiy 
lent to each other and to the adjoint representation of o(S, A Thus the 
iy considered as i representation space ol 0 SA splits into four in 
juivalent simple representation spaces. It follows that any ideal a in T 
be the sum of ( ’ Sor 4 ot these Spaces On the other hand, each 
het imple, the intersection of an ideal with D, iseither }O{ or T It 
"\ eciate hat the v ideals in D are {0} and T, thatis, Dis 
there ily one simple Lie algebra of dimes 1 namely 
ee tha } is the alvebra / Che set ft element utr ce Oin 1s 

ft tself by the vrations of S and vields a representation of de 





id] 


Considered as a representation spa i A}, Je splits inte 
two invariant space 


$ ol S10n spanned by and e és, r 
| 

7 . | ; 

spectively) and three uivalent spaces of dime 


ind 2 \nv mivariant st ' i 


sion S (namely, T 


x 


e 
~ 
2 


y with re spect to y of dimension > 2 


must therefore tain one of ’ N t contains J,, then, being 
invariant with resj being invariant with 
respect to T 


mediately that 3 
Zives a 


D«D, then [D, 
algebra & Since 
] 0): 


sion 7s ition of & mduces a 


represet which 1s the int representation and of the 
representation whose space ity ms of elements 
, und ® yiel T of distinct 
dium t T * y: 
ire obviously which prove is a sunple Lic 


ilgebra he space < representation of degrees 


‘ 1) } , 
<§ yields an v1 n 

‘ I +} ; _- 
Now, outside /‘«, tl is of dimension 7S are 
nuplectic algebra tp 


' , , 
ial algebra o(13 A 


For 
correspondel 


“it ritiy i nd tl ubgroups of 
| ae 


1 ti ; 


n that there 


wnta estigation to 
iw whether 1 


jaces can be 
constructed 


shion. Our 
principal tool 1s Hurewics 
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i. The Group x.--Instead of continuous deformations, we use step 
homotopies. Let } be a topological space and ¢ a covering of Y by open 


sets. The path* a, is o-homotopic to the path a,, aw & a,, if there exists 


i finite sequence a, , a, Of paths, all with the same beginning and 
ending points, such that for every 1,0 < ¢ < | and each t = 1, 2, 
n |, apf) and a, , ,{/) are contained im a common set of ¢. Two paths 


ire equivalent if they are ¢-homotopic for every ¢. With the usual defi 
nition of product and inverse of paths, the set of all equivalence classes 


# paths closed at a poimt yo « V forms a group. Denote the equivalence 


class of a by a x}, Yo) is this group, with the topology: given a covering 
sof ). the a-nhd of a. Nla. o \38 Ba ™ a}: the sets Nia, a) are taken 
is a basis,’ 


xl ¥, yo) ts a topological group which (a) is zero dimensional, (> 
has arbitrary small open normal subgroups, (c) 1s metrizable, and (d) ts 
completeable.’ If ¥ is ¢ the collection of groups tx( ¥, yo)] isa system 
of local groups.” 

The position of y relative to the Pomearé group m, and the Vietoris 
undamental group’ 1, ts given bys 

4 iT sc 24; ind y then VY iw” wo Le If Yisa C°LC® w-LCc, 
space with barveentnc refinements,'’ then x K In a compact C°LC 


metric space, }, is homeomorphic with the completion of x 


An Fo } yields a continuous homomorphism Fy: x(X, 2 x(¥, 

Fiye)) induced by the correspondence a: Fa; Fs is a homotopy invariant 
Open Subgroups and Covering Let ¥ be CY and % any open sub 
group of x Y. 4 choose a covering @ so that V(1l, é) ¢ Iwo paths 
r, O starting at yo and ending at any y « V are equivalent mod % if @~'e K 
the equivalence class of @ is written [a] These equivalence classes, for 
ill ye } are the pomts of }. Given @ and any open U > ail), U con 
turnecl in some set of &, define (a, U (iad) 8 -¢ Ut: . the sets (a, U 
ire taken as a basis in } The projection mapping w: F > ¥ is defined 
y wha atl } is a Hausdorff space, and 
Let } be ¢ ) constructed as above rhen } is C’, w is con 

tintious, and w induces a continuous 1-1 mapping of *F'(#) onto ¥'(wi 
reach Ve } Closed paths at J) are sent on all those, and on only those 
losed paths at w) vy representing elements of % 

Adding an LC® assumption, F is a covering space, x(}, 9 K and we 
Lave 

PanoremM, /f ) ts C°LC™ Hausdorff, tts covering spaces are ima 1-1 

! 

respondence wiih the oper ubgroups of x Precisely 1) of ¥ és any 

ertng space of Y, then y( )\ ts an open subgroup of x(¥); (6) af Ris any 

er iberot wf xt) inere extsts a covering space win x } K, and 


, vo covertnys with homeomorphiw y's are themselves homeomor phi 
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In general then, universal covering spaces"? for C°LC® spaces do not 
exist 
Closed Subgrout With a closed subgroup B C yx(¥) construct 
a ¥ as follows: the elements and the projection map are defined as in 2 
Topology: for any covering ¢, and open Ue, define (a, U, @) 
’ 


(i8iis8(l)« U, and 3 aé C U with Boe = aid} The sets (a, U, o) are 


F - 
taken as a basis } is a Hausdorff space, and 
4 


li Yis C°, ¥ as above, then every fiber w~'(y) ts homeomorphic to 

the coset space x/ B 

It follows that for any closed B, x/8 is always totally arcwise discon 
nected 

In addition we have the analog of 3 

5. Let ¥ be C° and FY as above Phen F is C°, w is continuous, and 
w induces a continuous 1-1 mapping of F''(¥) onto Y'(wi) for every Fe Y. 
Closed paths at J» are sent on all those and on only those closed paths at 
wy Yo representing elements of B. If ¥ is C°LC*, this correspondence 
is a homeomorphism 

Even with the LC° assumption, } is in general not even a fiber space ;'* 
however a covering homotopy theorem does hold in the LC° case. The 
calculation of y(¥) is not known, except that in general, x( P) = B. This 
also shows that in ¥', when Y is C°LC®, the set of closed paths at yoe } 
equivalent to | is in general not a connected set, in contrast with the result 
that in ¥' the set of closed paths at yo « Y homotopic to 1 is arewise con 


nected. 


! This represents work done mainly under contract N7 onr-384, Office of Naval 
Research 
? See, e.g., Hopf, H., Math. Ann., 102, 562-623 (1930). For the symbols C", LC", 
Kuratowski, C., Fund. Math., 24, 260-287 (1934 
Y is always a covering space of itself 
‘ Hurewicz, W., Fund. Math., 25, 467-485 (1935 
+A path in } is a continuous map of 0 < ¢ < 1 into } 
‘If ¥ is compact metric, x is the Hurewicz group, loc. ci 
In the sense of van Dantzig, D., Math. Ann., 107, 587-626 (1932) 
* Steenrod, N., Ann. Math., 44, 610-27 (1943 
’ Vietoris, L., Math. Ann., 97, 545-572 (1928 


1 


VY is w- LC, if there exists a covering ¢ of Y by open sets such that every closed 
path lying entirely in a set of ¢ is contractible to a point in } 

'! ¥ has barycentric refinements if, given any covering |U,}, a refinement | Vg} exists 
with the property that, if \ Va, + 0, then UVa C Uy, for some a 
? ¥'(y) is the space of all paths in Y which start at y, with the compact open topology 
Fox, R., Bull. Am. Math. Soc., 51, 429-432 (1945 

‘A universal covering space is one with x{¥) = 1. Clearly #(¥Y) = 1 implies 

l 
Hurewicz, W., and Steenrod, N., Proc. Nat. Acap. Sct., 27, 60-64 (1941 
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aie f i tiv fp 


Let a e wd e , P prime then the resolvent used by 
Lagrange’ in his theory o 


the solution of cyclotomic equations, dating from 


the Yea;» baal), 





ind a) is defined by g on mod p), g being a primitive root of ~, was the 
; starting pomt for a sertes of investigations which are still being carried on 
Closely associated (cf Ls with (1) 1s* 
; 4 
. 
* ba Hine his O, 
: witha, 6and ¢ any mtegers, which has probably been employed even oftener 
4 than (1) m algebra and number theory In view of the remarkablk 
q properties of (1) and (2 i number of generalizations have been proposed 
; » thes 
: Cauchy" generalized (2) to take on a form equivalent to the sum (11 


of the present paper ii we assume n | in each of them hese 


two latter forms for m general provide the main topic for our work here 





In the vear 1920, H. H. Mitchell considered, as in extension o! 


via a t » 
where ind s is defined by the equation sin the finite field Fy ot 
rder , P an odd prime and » an arbitrary integer > 0, s being any element 
U, a } lor wu any integer \n equivalent expression 
‘ used by Kummer’ in the case where 6 and (a + 6) are divisible by the 
teget ind ~P belongs to the exponent /, where / 1s an odd prime 
rt and Hasse® m 1955 generalized (1) im the form 


"Ma ‘ 


aaX \G ' + 
, ‘ i} } ] ; } fy’ " 1 os 
V here ‘ ranges over all the elements of / uw U (mod m), vy € U 
, represents a character defined by the multiplicative cvcli 


rv the non-zero elements in Fi / t ranging as stated, with 
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*“(0) = 0, w = 0, and x*(0 l,w 0. The symbol ria) means that if 
x : 


a 


we write in F(p"), with the ¢’s in F({ 


where w is a root of a polynomial f(. 0 of degree » with coefficients in 


F(p), also irreducible in F(p) then 


where w w, ww”, w”’ are the n conjugate roots of f(x 0 in 


F(p" Che r number of (4) will be termed a Generalized Lagrange Re 


solvent. 

In the case where p belongs to the exponent n, modulo m, where a” is an 
mth root of unity, a number equivalent to (4) was introduced and studied at 
length by Stickelberger*® in 1890 in a celebrated paper. 

In a recent article, Hua and Vandiver employed’ (4) in examining the 


number of solutions of the equation 
+ CoX2"" ; U, 


where the a’s are integers such that 0 <a < p" 1: s 2 2 fore 


> 2forc, +1 0 the c's being given elements of F(p") and 
: S FF Ps 


v, + O. 


If N is the number of solutions of (5) under the conditions just stated then 


they found 


5) is a special ,,th character each element of which satisfies a l, 


0 (mod k,)/k; Li, P 1), A stands for F(p"). In another 
vaper, Weil® examined the number of solutions M/ of (5) without the 
on, included im our (5a), that 


; 


= |) 


0 then in our notation he obtained if 7; # 0 (mod &, 














€ 
5 
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Vf Pp” + (p" — 1D xa, fez ‘Yla) (7 
xe.t*! 
' 
if ¥ } wr" " >” (moc 
where if Wp, 6 k, then 2) k, 0 (mod 
’ 
ha > x, (ty Xe,\t (ia 
ind where t%, t, v, each range independently over all elements of F(p* 
such that 1 + ™ +4 - { ' 0, ((7a) was given in another form 
by Cauchy“ for » = 1 and by (11) of the present paper for nm general). 
He also obtained an analogous expression for 4f when c, 4 ; # 0. 
If we include the case where x,X%>.. .1 0 we may obtain a form anal- 


ogous to our (6) by using’ (the relation just above (11) of that paper with 


the restriction x # 0 omitted 


Te! ‘ TT x, (c ye 
has hes AK ‘ 
eek yew wy 


where we now define x,(0) as in connection with (4), noting that there we 
are expressing each of the x,(a), a fixed, as a power of a primitive one of 
them his gives if V, is the number of solutions of (5) without the re 


striction 


7, 
NV, p” s=— 1) 4. - (& 
p 
where 
7 . tl . 1 pF —2,_, \ pir (aces i 
, & 2, (a @ rT xa )§ 
se KR tml wy 


‘ 


Our object in the present paper will be to develop some of the simplest 
properties of j(a) as given in (7a), without particular reference to the solu 
tion of equations in a finite field, except in connection with the proof of 
15) below. We shall have occasion to employ these properties in subse 
vent pay rs 
\ question of notation here assumes some importance. We may retain 
the notation of characters y,4(w) in dealing with j(a) but since we are dealing 
with a cyclic group it seems more convenient to employ in place of x,(w) the 
explicit expression 


~ ind & (Q 


where p is a primitive &th root of unity and (ind w) ts defined as in (3). J 
( the latter, we immediately connect up our work to many results in the 


ue 
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vast literature of cydotemy. For example, Cauchy (who used I(@) for ind a), 
Kummer, Kronecker, Weber, Bachmann, Mertens and Landau, among 
others, used it. Also the fundamental property of characters 


x (fy) (he x (dy 


is at all times in the foreground when we transform expressions of the type 
(9), since 


ind A, + ind A» ind Ayfte(mod (p" 1)) (10) 


We shall employ (9) in the present paper. From what we have just ex- 
plained it will be easy to translate any of our formulas into the notation of 
characters if so desired. 
We then consider the exponential sum 
:—1 
a y. re EB ari ae 


‘ , td ue 
yY = ya) . » Gs P 
wi, ae je ae | 


where a, = e'"’™ ¢ = 1, 2, , 5; m, is a divisor of p" — 1; p an odd 
ined @ 


> 0; ind a; for a; # 0 is defined by ¢g 


prime; y;,t . &. s, integers 
a, tod (0 of 0: 


a,in F(p"),4 = 1,2 s,; gisa primitive root of F(p"); a 


each a, ranges independently over each element of F(p"), with 
A=] a lla 


Che number ¥ will be termed a generalized Jacoln sum. When (12a) 


holds m,) it equals the j(a) of Weil. It was proved by Weil’ (pp. 501-502) 


that 
y a” ] 
vy 12 
provided 
uv, VELL >. 
12a) 
Il aff = ] 
i= 1 
It was also shown by Weil® (p. 501; that for af # 1; 1 l, s, 
J t 
I] T\ a ts } 
Ayre (13 
¥ a” 
provided a;""a;"...a," = 1, where r(a,” I aaa Since fora # 0 
in F(p"), there is an h such that g" = a, we examine the following sum, 


which equals y or possibly its negative (cf. the derivation of our relation 


; 1 1 
24) which follows), 


ig Naot 














: 
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’ | 
vi SM ae 14 
yh Ae i-t! 
with 
H g° g” g 


We now proceed to write (14 


+. 


i 


S 


i 


in another more symmetrical form, namely 


\ Jt» Ja jie II a, (15 


i- 


where his Pay 1s the number of solutions of 
1+ e = ge suites oe pitiless 0 (16) 
in the y's, where y, ranges over the integers 0, 1, ,m,; with mam, = p” — 
ind 4 2 ..6 To show that (14) and (15) are equal, we consider 


+) and collect the terms in a certain way. 


nodulo m, and write for fixed j, A, 


Consider the residues of /; 


ji(inod m,); 4 1, 2, s io 


Me 


issume that for a fixed j, that ind (—1] g° - g”’) j 


The number of 


hence we have i 


; 


where a, ranges over 0, |, 


We note that i 


then this number is unaltered by the substitution (¢/¢ 


) 


> 


fixed set 7., 7 },, using 2. 


terms of this character in (14) ts exactly 
From this it is obvious that we have for a 


ay” 0 for k # 0 (mod m,) and m, otherwise 
Pp v1 a; , ay “— II a si > 17 
mt, 1) with? Bee 2 
~ pg ind , 
ee 


hence it contains a 


mils Also it is known that we have 


Further we may show that 


For we note that tf 


3,, with p” — 1 d, (20 


are the elements = 0 of a finite field then 
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hence 


where B A* , b; \lso from 
By the use , we find that 
where y isin F(p") and therefore 


since if ¢, © Cy ire the elements of F(p) then « coin Fp) and there 


fore F(p” By proceeding in this manner we have 


(1 Sa ¢ 


and in view of our remark concerning (20) and (21) our relation (19) fol 
lows. Considering the well-known y for s 2, investigators have found it 


/ 


convenient, as we did in (14), to employ numbers closely related to ¥ which 
have many of the properties of y for 2. Hence we consider numbers 
related to the general ¥, but appear to retain properties of ¥ such as (12 

Let m be the L. C. M ly, My m,. Thenm Ss fp’ 1. Then we 


may write, if m tm,; ls , with a e 


i 


(22) 


For many purposes this will turn out to be a more convenient form for ¥ 


than either (11) or (14 Obviously also we may employ p" — | in lieu of 
m, and obtain an analogous form. In connection with (22) we note also 


that in lieu of it we may employ the simpler form 

















Ny 


apical eS aN Sg 


LDA NOSE ERE AIP ABCC 


A SE RAINED Tete Be 


eps 
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‘ Sy F | ri o 
y = 5 P aedvcxe He (23) 
ha, ay: «. the 


5 I 
‘ ‘ts im . “pe 
where ya,‘ andy,‘ are any integers 2 0,and where }> a" = D. Clearly (23) 
ie} 
includes the form (22 


We now note that in (11) we may obtain a number related to ¥ by writing 


: 


ay’) in lieu of a, in (11) letting a, range over the same set that a, did if k 


isin the set 1, 2, s. For this gives 
; nel ! “ mdi A’ nd as ‘ 
¥, = a,”  D Po Hl a?’ sea (24 
i a tte 


ind 3k gp, ind 1 we ind @ 
= oy’ ‘ 


ind 


1 
A'=x\l+a,- 2 Qj. 
we | 
‘i 
Now y¥ in (24) obviously has the same property (12). In the same way 3 
the number obtained by changing all the negative signs in A has the same 
property as well as the number y; of (14). 


’ o” 1/2 . 
We note also that since p is an odd prime g¢g 1 in F(p"), so 
that in (24 
we ind y pa(p™ —1)/2 
ty = Cy 
We have also by definition of a,, 
,” 1 (p* —1)/2 fy 
(ty = |, a,” : ox tt], (25) 


the sign depending on the value of m,. In another paper® the writer pointed 
out that when a is an mth root of unity, m composite, then a relation be 


tween exponential sums found by the sole use of 
att pe am? +... +1 = 0 (26) 


loes not in general yield as much information as when we replace a by an 
indeterminate x in said relation and reduce the resulting polynomials 

xdulo (x” | I Hence we shall apply this idea to several 
equations given above, in order to obtain relations which are in effect 

ore general. If we take ¥ in the form given im (22) and multiply it by its 
conjugate imaginary, assuming the conditions (12a), we find by the use of 
6) only, the relation (12), by proceeding in a manner equivalent to Weil's® 
derivation of it; now assume that we take ind /#/ positive or zero in (22 


id the u's positive integers such that (12a) 1s satisfied then 
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1 


a 
@= 5 vee oe 
k ; rs 


is a polynomial with rational integral coefficients, as is also ¥(x™ 
ing that ¥y{a™ ') = ¥(a~'), we then have 


eth” oe - | 
vixi(x™ ~ ') = p um of C(x) ; (27) 
x- 


where C(x) is a polynomial with rational integral coefficients. Other rela- 
tions such as (18) may be treated similarly. 


* Most of the material in this paper was discussed in a mathematical seminar at the 
University of Texas and I am indebted to O. B. Faircloth, C. A. Nicol and Milo Weaver 
jor corrections and suggestions 

1 Abhandlungen der Akademie ru Berlin 1770, 1771 Cf. our footnote 5 also.) 

* Jacobi, C. G. J., Gesammelie Werke Bd. VI, 254, 274; VII, 393-400. Jacobi does 
not seem to have given ¥; in an explicit form involving @ alone, he employed (13) for 
s = 2 to obtain properties of ¥, 

* Oeuvres, (1), IIT, 112 

* Trans. Am. Math. Soc., 17, 167 (1916) 

* J. fir die Math. (Crelle) 121-36 (1852 

* J. fiir die Math. (Crelle), 172, 153 (1935) They termed this number a Generalized 
Gauss sum. It is a direct generalization of our (1 The reference given in our first 
footnote to the number defined in our relation (1) is given by P. Bachmann (die Lehre 
von der Kreisteilung, Tuebner Leipzig und Berlin, 1921, p. 76) and also H. Weber (Alge 
bra, vol. 1, French edition, Gauthier Villars, Paris, 1898, p. 623) the latter remarking, 
concerning the numbers in our (1) “connues sous le nom de resolvantes de Lagrange.” 
Further, Hilbert (Gesammelte Abhandlungen Bd. 1, 225) calls our (1) a ““Lagrangesche 
Wurzelzah!” and the “‘cyclotomic periods” associated with (1) a ‘““Lagrangesche Normal 
basis The term “Lagrange resolvent” is also used in Report on the Theory of Algebraic 
Numbers, National Research Council of the National Academy of Sciences, Washington, 
vol. 1, p. 50 (1923). In view of these circumstances we prefer the term “Generalized 


Lagrange Resolvent” for (4), at least until it appears that the references given by Bach 
mann and Weber are incorrect. So far we have been unable to check the original 
sources 

* Math. Ann., 37, 321 (1890 

* These Procerpines, 35, 97 (1949), relations (10) and (11 The relation (8) of this 
paper is another result from the collaboration of Dr. Hua and myself 

* Bull. Am. Math. Soc., $5, 500 (1949) 

* These Proceepines, 35, 686-90 (1949) 
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ON DISTORTION AT THE BOUNDARY OF A CONFORMAL MAP 
By J. L. Wausn 


DEPARTMENT OF Matuemartics, Harvagp UNIversiry 
Communicated December 19, 1049 


Phe object of the present note is to indicate the usefulness in the study of 
distortion at the boundary, of Carathéodory's theory of the conformal map- 
ping of variable regions. The emphasis here is on method, for the results 
are in part known.' Our main result is 

rneorem |. Let R, bea Jordan region of the w-plane not containing w = 

© but containing the line segment O S w < 1, and whose boundary possesses 
at the point w 1 forward and backward tangents making equal angles a/2 

‘)) with the negative direction of the axis of reals. Let the function w = f(z) 
mup the region R,:x < 1 of the z= x + ty)-plane onto R, in such a way that 
we have f(0 0,fU 1. Let the sequence x,, 0 < x, < 1, approach unity. 
Then for 2 on any closed bounded set in R, we have uniformly 


fim JUL ~ 0) + X05] — fen) = | — (1 — z)”" (1) 
a=<<e « = fi x,) ’ 
lim ! fll — xn) + Xa] = |, (2) 
sahanacmede & f(x, | — 2)*" 
rhe tangent line ts merely the limit of the secant line through w = 1| as 
the second intersection with the curve approaches w = |. 


We tnst establish Theorem | for the case that X,, is symmetric in the axis 
of reals; here the cut 0 S w S 1 is the image of the cutO S zs 1. The 


function s’ = (1 - x,)s + x, maps R, onto itself, so the function 
fla V,)5 + X,] f(x, 
w Sal) —- , (3) 
l I(x 

maps the region RX, in such manner that we have /,(0) 0, f,(0) > 0, 
f,( |, onto the region Rf in the w-plane found from R, by stretching 
from the point w = 1 in the ratio [1 — f(x,)]:1. The kernel of the sequence 
of regions R} is a region RX, namely an infinite sector of angle a with vertex 
1 ! and bisected by the axis of reals. The function w = fo(z) which 
maps R, onto RY with fo(O0) « 0, fo(0) > 0, is the second member of (1), and 


equation (1) now follows by Carathéodory’s theory of the mapping of 
variable regions. Equation (2) is an immediafe consequence of (1). 
If the points ¢, t, + &, of R, lie in an infinite sector S with vertex 
|, of angle less than x and symmetric in the axis of reals, we set 





Vor. 36, 1950 MATHEMATICS: J. L. WALSH 


so the points 2, are collinear with s = | and {,, and lie in S on the axis of 


imaginaries, hence lie on a closed bounded subset of R,. Equation (2) 
with z = zs, and ¢, —* | thus implies 


lim : : —~ we I, (5) 
nee il — f(x,)}[1 — z,] 
In particular if the angle arg() — approaches a limit y, so does arg(1 — 


z,), and from (5) we have 


Bg arg{l ~— f.)] = ay/m. (6) 
Conversely, (6) implies arg(1 — [,) — y. These equations merely express 
the well-known fact (Lindeléf) that cuts with tangents ats = l andw = 1 
are transformed into cuts with tangents at w 1 and z = 1, and angles at 
those points are transformed proportionally. 

We now differentiate (1) with respect to z and again make the substitu- 


tion (4); we have 


lim 
i— « {1 ats f(x, 1a 


Division of (7) by (5) member by member, with use of the equation (1 — 


w)(1 £,) l ¢, now yields 


lim ba 


n—> « ] 


a;Tt, 


an important relation due to Visser. It is to be noted that if arg(1 
approaches the limit y, then it follows from (6) and (8) that we have 


lim arg[f'(t,)| yla W)/®. (9) 
— 


" 


Equation (6) implies arg(| t,) -> y and hence (9). 

Theorem | with various corollaries is now established for the case that R, 
is symmetric in the axis of reals. The proof is not valid without that 
assumption, for we have essentially used the fact that f,(0) = I" (x,) 
(1 — x,)/[1 — f(x,)] is positive, or at least approaches a positive limit. 

It is a consequence of (6) and (8) that the particular map M,:w = f(z) of 
R,, has property A, namely that angles at z = | or w = | bounded by curves 
in the given regions not tangent to the boundary but with continuously 
turning tangents are transformed proportionally, and the transformed 
angles are also bounded by curves with continuously turning tangents.’ 
It follows that any map M, of R, onto a half-plane so that w = 1 is in- 
variant has property A, for the map 47,(A/, ') isa map of a half-plane ontoa 
half-plane involving at w | equality of angles bounded by curves not 
tangent to the boundary, hence by Schwarz’s principle of symmetry this 
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mapisconformal. Any map of &, onto an infinite sector with vertex w = | 
and with w = | invariant can be accomplished by mapping R, onto a half- 
plane with w = | invariant, followed by a transformation w’ = 1 — u(l — 
w)”, 8 > 0, hence also possesses property A. 

We have now proved, for a symmetric angle, 

Tueorem 2. Ona Jordan curve C let M be an angle with vertex V at which 
C possesses forward and backward tangents. When the interior of C 4s 
mapped one-to-one and conformally onto the interior of a Jordan curve C’ so 
that the sides of M in the neighborhood of V correspond to line segments, the 
map possesses property A, namely that any Jordan arc interior to C except for 
an end-point at V but with continuously turning tangent and not tangent to C 1s 
transformed into a Jordan arc interior to C’ except for an end-point at the 
image of V but with continuously turning tangent and not tangent to C’, and 
conversely. Angles at V are transformed proportionally. 

Let R, in Theorem | no longer be symmetrical; we show that any map of 
R., onto an infinite sector possesses property A. We assume, as we may do 
with no loss of generality, that R, lies in an infinite sector with vertex w = | 
and of angle less than x. If R, is bounded in part by a line segment termi 
nating in w = 1, we may assume that no point of that line is in R,, and we 
choose that segment on ~ © < w S$ 1, reflect R,, in the axis of reals, and 
map the new region consisting of R, plus its reflection onto a half-plane; 
this map transforms R, into a quadrant and has property A. If R, is not 
bounded in part by a line segment terminating in w = 1, we draw a line 
segment to the point w = | which is a cut for the exterior of R,. A Jordan 
region R, bounded in part by this cut and in part by a side of the given 
angle contains R,; any map of R, onto an infinite sector with vertex w = | 
and with w = | invariant possesses property A, and carries R, into a region 
bounded in part by a line segment terminating inw = |. Any further map 
of the latter region onto an infinite sector with vertex w = | and withw = | 
invariant possesses property A. Theorem 2 is completely established. 
Theorem 2 is due to Visser; the method of using angles bounded in part by 
straight lines is due in somewhat different form to Carathéodory. 

We are now in a position to complete the proof of Theorem 1, where R,, is 
no longer symmetric. We choose an arbitrary sequence x, — 1,0< x, < 1, 
is before, and define the region R® as the image of R, under the trans 
formation 


f{(1 — x,)s + Xe) — f(%n) |f' se) 
l — f(x»)! ” f' (x) 


(10) 


whence f,(0) 0, f,(0) > 0. The segment 0 S zs S$ 1 isacut in R,, and 
from Theorem 2 we have lim f,(1) = 1. The kernel of the regions R? 
Pa jeg 


is again Ry, so we conclude under the present hypothesis equations (1), (2), 
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and with the notation (4) conclude also (5), (6), (7), (8), (9). We have not 
merely established Theorem | but likewise 

Coro.tuary 1. Under the conditions of Theorem 1, let S be a closed in- 
finite sector less than w with vertex s = 1, S except for its vertex lying in R,. 
If the sequence {, lies in S and [, ~> I, then we have (8). In the notation (4) 
we have (5) and (7); tf arg (U1 — {,) —> y, we have (6) and (9). 

We remark that this proof makes use of well-known results on the 
topological character of a conformal map, especially the images of cuts in a 
region, but assumes no previous results on transformation of angles on the 
boundary. Even in our use of maps of variable regions we do not need the 
classical Verzerrungssatz, for the point w = | 1s accessible from the exterior 
of R,, and for n sufficiently large all the regions R} leave uncovered a Jordan 
region near w = | exterior to X,; under a suitable linear transformation 
the set of functions f,{z) becomes a bounded set. 

Results on the higher derivatives of f(z) follow readily by differentiation 
of equations (1) and (2), 

Our proof of Theorems 1 and 2 and Corollary | does not essentially de- 
pend on an assumption that RX, is a Jordan region. It is sufficient if the 
boundary of R, possesses forward and backward tangents, in the sense that 
there exist two half-lines terminating in w l, and given two arbitrary 
closed sectors with vertex w = 1 containing those half-lines in their inte- 
riors, there exists a neighborhood of w | in which all boundary points of 
R,, lie in those sectors; it is naturally assumed that this property is not 
possessed by a single half-line terminating in w | and an arbitrary closed 
sector containing it. As another example, in which the boundary of R, 
does not possess nat and backward tangents at w 1, let R, consist of 
the half-plane u < 1 (where w = u + #) plus an infinite set of canals in 
u 2 1. These canals are to be non-overlapping, are to abut on the line 
u = 1 in segments whose mid — arev = v,(-> 0), where the lengths of 


the segments are, respectively, 1/e,. Of course the canals need not be 
bounded by Jordan ares, nor need R, be symmetric in the axis of reals. It 
will be noted that the transformation w’ I (1 w)’* transforms R, 
onto a region of the w’-plane which leaves a quadrant with vertex w' = 1 


uncovered, and the point w’ | is accessible from the exterior. Of 
course R, may also be modified by the subtraction of suitable subregions of 
u < 1 adjacent to the boundary u l 

The purpose of the present note is to indicate a method (namely the use 
of Carathéodory's theory of variable regions) rather than to emphasize the 
extensive applications of the method, which are reserved for another 
occasion. For instance if XR, is a suitably chosen region with zero angle at 
w = 1, properly determined similarity transformations of R, define regions 
Re 


for certain regions R,, the kernel of a sequence of regions Rj defined by (3) 


whose kernel is an infinite strip bounded by two parallel lines. Again, 
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depends on the geometric nature of R, and varies with the choice of the 
points x, or f(x,); for instance R, may consist of the interiors of infinitely 
many circles approaching the point w = 1 and joined by canals; informa- 
tion regarding the transformation of R, can still be obtained by the present 
method. 

' A recent summary of results on distortion at the boundary, with detailed references 
to the literature, is given by Gattegno, C., and Ostrowski, A., Mémorial des sciences 
mathématiques, fascicules 109 and 110 (1949) 

* Of course property A implies that angles in the given region of either plane (assumed 
merely to exist as angles between tangents) are transformed proportionally into angles 


in the other plane 
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